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ABSTRACT: The Yang-Baxter o-model is an integrable deformation of the principal chiral
model on a Lie group G. The deformation breaks the G' x G symmetry to U(1)™*() x @,
It is known that there exist non-local conserved charges which, together with the unbroken
U(1)22k(&) Jocal charges, form a Poisson algebra % (g), which is the semiclassical limit
of the quantum group Ug,(g), with g the Lie algebra of G. For a general Lie group G
with rank(G) > 1, we extend the previous result by constructing local and non-local
conserved charges satisfying all the defining relations of the infinite-dimensional Poisson
algebra %,(Lg), the classical analogue of the quantum loop algebra U,(Lg), where Lg is
the loop algebra of g. Quite unexpectedly, these defining relations are proved without

encountering any ambiguity related to the non-ultralocality of this integrable o-model.
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1 Introduction

The Yang-Baxter o-model is an integrable one-parameter deformation of the principal chiral
model on any real Lie group constructed by C. Kliméik nearly fifteen years ago [1, 2]. More
recently, this model was rederived within the hamiltonian framework by means of deforming
the integrable structure of the principal chiral model [3]. In particular, it was shown that
the Yang-Baxter o-model belongs to a broader class of new integrable o-models which have
now come to be known as n-deformations. Soon after, the list of known integrable o-models
grew further still with the addition of the class of so-called A-deformations introduced in [4].
New deformations of both types were successively defined in [1-12].

One of the hallmarks of an integrable field theory is having an infinite-dimensional
algebra of hidden symmetries. In this article we focus on such symmetries at the classical
level. In the case of the principal chiral model on a Lie group G, for instance, there is
an obvious global G x G symmetry corresponding to left and right multiplication of its
G-valued field. The conserved charges associated with the left and right G-symmetries
each combine with a tower of non-local charges to form classical analogues of the Yangian
Y (g) [13, 14]. Here we denote by g the Lie algebra of the Lie group G.

The purpose of the present article is to identify the classical symmetry algebra of
the Yang-Baxter o-model. More precisely, we consider the inhomogenous Yang-Baxter o-
model, meaning that the skew-symmetric R-matrix which appears in the action of this field
theory is the standard solution of the modified classical Yang-Baxter equation (mCYBE).



In this setting, the global G x G symmetry of the principal chiral model is broken to
U(1)'22k(@) x G once the deformation parameter 7 is switched on.

As in the undeformed case, the local charges associated with the right G-symmetry
combine with non-local charges to form a classical analogue of the Yangian Y (g). This was
shown in [15] for the Yang-Baxter model on SU(2). This result can also be deduced from
the analogous statement for a certain two-parameter deformation of the principal chiral
model established in [16] (see also [17-20] in the SU(2) case). From now on we shall no
longer be concerned with this part of the infinite-dimensional symmetry algebra.

It was shown in [3] that the left G-symmetry of the Yang-Baxter o-model is g-deformed.
That is to say, there exist non-local conserved charges which, together with the unbroken
U(1)r22k(&) Jocal charges, form a Poisson algebra denoted %,(g), the semiclassical limit of
the quantum group U,(g) (see for instance [21]), where ¢ is a function of the deformation
parameter 7. This property generalises what was first shown to hold in the SU(2) case [22].
It is natural to expect that the classical analogue of the Yangian Y (g) associated with the
left G-symmetry of the principal chiral model should itself be deformed when 7 is switched
on. Specifically, one expects that the Poisson algebra %;(g) is enlarged to an infinite-
dimensional Poisson algebra % (Lg), the classical analogue of the quantum loop algebra
U,(Lg), where Lg is the loop algebra of g. This was indeed shown to be the case when
g = su(2) in [23, 24] and also when a Wess-Zumino term is present in [20].

In this article we consider a general Lie group G with rank(G) > 1 and construct
local and non-local conserved charges satisfying all the defining relations of the infinite-
dimensional Poisson algebra %, (Lg) (see e.g. [25] for the defining relations of the quantum
affine algebra U, (g) of which U,(Lg) is a quotient). The fact that this is possible is some-
what surprising. Indeed, Poisson brackets of generic non-local conserved charges in a
classical integrable field theory are known to be ill-defined due to the presence of non-
ultralocal terms in the Poisson brackets of the Lax matrix with itself [26, 27]. In fact, all
proofs of the defining relations of the classical analogue of Drinfeld’s first realization of
the Yangian are in some sense incomplete since they require dealing with such ambigui-
ties [13, 16, 28]. It is worth stressing that, in this context, ambiguities are in fact already
encountered when computing Poisson brackets of the level 0 charges! Furthermore, it was
observed in [23, 24] that ambiguities also appear in the SU(2) Yang-Baxter o-model when
deriving the g-Poisson-Serre relations of % (L su(2)) involving the non-local charge associ-
ated with the affine root. As we shall see, the SU(2) case appears not to be representative
of the general situation. There is no need to use any regularisation prescription when con-
sidering the defining relations for higher rank cases. Note that there is also no ambiguity
for anisotropic SU(2) Landau-Lifshitz o-models [29].

Let us summarise the method we shall use to establish the defining relations of % (Lg).
Following the analysis of [3], conserved charges are extracted from the monodromy 79(\) of
the gauge transformation £9(\, ) of the Lax matrix by the G-valued field g of the model.
Here we denote by A the spectral parameter and x is the spatial coordinate. A special role
is played by the two poles at +in of the twist function [3]. For these values of the spectral
parameter, £9(+in, ) belong to opposite Borel subalgebras of the complexification of g.
This enables, in particular, to define a set of conserved charges qui and Qgi associated



with every simple root o, ¢ = 1,...,rank(G) of g. The charges ani are non-local whereas
the charges Qg associated with the unbroken U(l)rank(G) symmetry are local. It was shown
in [3] that these charges satisfy the defining relations of %,(g). Moreover, the Cartan-Weyl
basis of %,(g) is obtained by taking g-Poisson brackets of the generating charges Qfai and
Qgi. This complete basis of non-local charges encoded in the two monodromy matrices
T9(+in) are schematically represented by the two halves of the middle line in figure 1.
Constructing conserved charges which satisfy the defining relations of the Poisson
algebra %,(Lg) requires going to the next order in the expansion of the monodromy 79(\)
at the points +i7n. More generally, the order in this expansion corresponds to the level of
the charges. For the purpose of describing the defining relations we only need two extra
conserved charges, which we will call @ge, associated with the affine simple root ag = 6 — 6
and —ag, where 6 is the highest root of g and ¢ is the imaginary root of Lg. These will be
constructed from the coefficient of the generators E¥? in the linear term of the expansion
of the monodromy 79(\) around the point +in, respectively (see equation (3.12a)). These
are again depicted schematically at levels +1 in figure 1. We proceed to show that together
with the level 0 charges Qfai and Qgi they satisfy the following Poisson bracket relations

i{QoIiv QEG} = idi_l(ea ai) éim (1'13‘)
QY _ ;~doQff
Py ~ q 0 q [Z
i{Qf, Q%) = P (1.1b)
i{Qf,,, Q%) =0, (1.1c)

where QF is a certain linear combination of the Qgi and, with (-,-) denoting the inner
product on the set of roots of g, we define d; = %(ai, a;) and dy = %(9,9). Furthermore,

g =¢" and v = —n/(1 4+ 7?)2. Finally, we also prove the ¢-Poisson-Serre relations
{QEN{in'“ 7{Q5iaQ§0}q"'}q}q = 0, (11(1)
g+1 times
{{QiaQ%}qu?e}q = 07 (116)

where q is the smallest positive integer such that — 4+ (q + 1)a; is not a root. Here
the g-Poisson bracket of any pair of charges A, and Ag associated with roots o and 3 is
defined as

{Aa, Aﬁ}q = {Aa, Aﬂ} ~+ 1y (a, 5)14@145. (1.2)

The above relations (1.1) together with the ones already proved in [3] form the defining
relations of the Poisson algebra %;(Lg).

2 The Yang-Baxter o-model

Action. The action of the Yang-Baxter o-model is given by [1-3]

1 2 1
=—= (147 pEpp— At 2.1
S 2( —1—7]) /dtdam(&rgg ’1—77Ra g9 ) (2.1)
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Figure 1. The middle line depicts the level 0 conserved charges, namely those of the finite-
dimensional Poisson algebra %,(g), with the red and green portions corresponding to charges coming
respectively from T9(4in). The dots on the ends of the upper and lower lines correspond to two new
level £1 conserved charges of the infinite-dimensional Poisson algebra %, (Lg), coming respectively
from the linear terms in the expansion of T9(\) around =+in.

The field g(t,z) takes values in a real semi-simple Lie group G with Lie algebra g. We
denote by g€ the complexification of g. In this expression, x is the Killing form and
0+ = 0y + 0,.. This integrable o-model is characterised by a skew-symmetric solution R of
the mCYBE. This means that the linear operator R satisfies

k(M,RN) = —k(RM,N), (2.2a)
[RM, RN] = R([RM,N] + [M,RN]) + [M, N| (2.2b)

for any M, N € g. Following [1-3], we choose the standard R-matrix of Drinfeld-Jimbo
type [30-32] (see equations (2.8a) and (2.9) below). The real parameter n plays the role
of the deformation parameter with n = 0 corresponding to the principal chiral model.
Finally, we study the case when z belongs to R and the field g(¢,x) tends to constants
when z — 4o0.

Lax and monodromy matrices. The starting point is the Lax matrix £9(\, z) defined
in [3]. Tt takes values in g© and has the following expression

LI\, x) =

e (—(A2 T 1?)0ug()g (1) + ——s (A — nR)X(x)) . (23)

1+ n?

The field X () takes values in g and plays the role! of the field conjugate to g(x) while X is
the spectral parameter. The central object in our analysis of the symmetries of the Yang-
Baxter o-model is the monodromy 79 (\), which is defined as the path ordered exponential
of LI(\, x),

TI(\) = P&p /Oodx LI\, ).

—00

This monodromy is a conserved quantity, from which conserved charges will be extracted.

"More precisely, g(z) and X (x) parameterise the cotangent bundle T*LG with LG the loop group
associated with G.



Fundamental Poisson brackets. The Poisson brackets of the fields g(x) and X (z) are
given by [3]

{91(x), 92(y)} = 0, (2.4a)
{X1(2), X2(y)} = [Cr2, X2(2)] day, (2.4b)
{X1(2), 92(y)} = C12 92(2) b2y, (2.4¢)

with dz, the Dirac distribution and Cia the tensor Casimir. The definition of the latter as
well as notations used in [3] and in the present article are recalled in the next paragraph.

Notations. Given a choice of a Cartan subalgebra of the complexification g€ we let ®
denote the associated root system. Let a;, i = 1,--- ,n = rk g€ be a basis of simple roots,
and E** for a € ® and H' = H® for i = 1,...,n be the corresponding Cartan-Weyl basis
of g€. The matrix

Bij = (i, o) = di Aij (2.5)
is the symmetrised Cartan matrix where (-, -) is the inner product on the set of roots and
1
di = i(ai,ai). (2.6)
For any roots a, 8 € ®, we have
[Ea,Eﬂ} = N, gEo+b (2.7)

if « + 8 is a root, that is a + § € ®. The Casimir tensor may then be written as

n
=Y B'H&H +) (E*®E *+E *®E").
i,j=1 a>0

For later purposes, we express X (z) and d,g(z)g~!(x) as

_th VH? + — Z ea(2)E* +e_o(z)E7Y), (2.8a)

a>0
Dpg( = zZJH VHI + Z 2)E* + J_o(x)E™?). (2.8b)
oz>0
Note that the R-operator acts on X as
1 (0% —Q
RX(z) = 3 O;) (ea(z)E* —e_o(z)E~7). (2.9)

3 Expansion around the poles of the twist function

In this section we expand the gauge-transformed monodromy matrix 79(\) around the
poles £in of the twist function. We then recall how conserved charges appearing in the
defining relations of % (g) are obtained at these poles. Finally, we explain how the non-local
charges needed to establish the defining relations of %,(Lg) are computed.



3.1 Expansion of the Lax matrix

We first expand the Lax matrix £9(\, x) defined in (2.3) around the poles +in of the twist
function. We obtain

L9(+in + ex,x) = _(14:7772)2 (RF1i)X(x) (3.1)
€ —n? in?
ﬂfng [1 (?jnf)g RX(%‘) F 2in dpg(x)g~ (2)| + O(€1) .

By using the expressions (2.8), this can be rewritten as

LI (+in+ex,x) = £ Zh HJ—FZeia Eia
a>0
+— < Z e:FOé )BT + 7/’:&) + (’)(ei) , (3.2)
(1 + 77 a>0

where 14+ contain terms proportional to generators H? and E*® respectively. Such terms
will not play any role in establishing the defining relations of %, (Lg). We have also intro-
duced the parameter

o
(1+n2)*
and defined
eta(®) = exa(x) + 2in (1 4+ 1%) Jra(). (3.3)

Taking e4+ = 0 in (3.2), we see that £9(4in) belong to opposite Borel subalgebras of g€.

3.2 Expansion of the monodromy matrix

To expand the monodromy matrix, we will apply the following identity
/ dx (Z D i(x)H' + ZLa(x)Ea>
exp (Z qbi(+oo)Hi> X
+ 7
/ dz Ze i=1(@@)e@) [ () E | exp Z ¢i(— (3.4)

to specific functions ¢;(x) and L, (x). Firstly, to expand T9(\) around in we start from (3.2)
and choose, for a > 0,

P&D

XP%

6@ = [ drh) L@ =reaw  Leale) = [ 5 -alo)



This leads to

T9(in + ey) = o Ximt [ oot hi@ ! pis

/_Oodx (’y Z BB+

a>0

% Zgija(m)Efa + iy . (3.5a)

€+
et
(1 +772) a>0

where 1;+ contains terms proportional to generators H? and E* with o > 0. The expres-

coteh)

sions of JZ(z) and JZ_ () will be given shortly. Secondly, to expand T9()\) around —in we

start from (3.2) and choose, for a > 0,

€ (.
e

0@ = [Ty La@ = i) Leale) = —vea(a)

which leads to

T9(—in+e_) = P&p

/_Oodx (—7 Z 3€a(m)E_a+

a>0

e Yy [ dahi(z)HY )

+O(e2)>

€_ Z :E o ~
+ —= = I (2)EY + 4
o>

(3.5b)

In (3.5), we have introduced the following functions,

I (@) = Xa(FX) o= 7Xa(@) o (1) and gia(x) = eXa(F) gt1xa (@) 5, (1),
(3.6)
where () is defined as
1 >
Xa(7) = 52(0&,0@) dy €zy hi(y).-
i=1 —©

Here the signature function is defined as €,y = 0,y — 0y, and 6., = 0(x —y) is the Heaviside
step function.

3.3 Defining relations of %,(g)

Let us recall the result of the analysis carried out in [3], the starting point of which is the
limit e; = 0 of (3.5). Making a choice of a normal ordering on the set of positive roots,
i.e. such that if « < § and o+ 8 is a root then a < o + 3 < 3, one can write T9(+in) as

T9(in) = exp <7 /_ dei: hz»(x)Hi> f[ exp (v /_ de Qf(x)E“) , (3.72)

a>0
T9(—in) = ﬁexp <—7 / Ooda:QEa(x)Eo‘> exp <—’y / Oodxzn:hi(az)Hi> . (3.7b)
a>0 o -0 =1

The superscripts < and > refer to the choice of normal ordering of positive and negative
roots respectively. It is easy to see that for simple roots we have Q¥ (z) = 3%, (2), where



the latter were defined in (3.6). The conserved charges associated with Cartan generators
and simple roots «a; are then

=d; / dxJ Jaz and Qiai =D d:nﬁiai (x). (3.8)

For the densities associated with Cartan generators, we have

j=1

with

D; = (zmm?(m))é . (3.10)

The symmetrised Cartan matrix B;; and d; are defined in (2.5) and (2.6), respectively.
The Poisson brackets of the charges (3.8) are then found to be

{6, Q) =0, (3.11a)
i{QoIiv Qiaj} = :EA” Qiaj’ (311b)
d: QL -d; QY
QY Q% Y = 6y T L (3.11c)
+ap) ¥ —aj L qdi — q_di ) .

where ¢ € R is related to the deformation parameter n as ¢ = €7. We refer to [3] for the
statement and derivation of the g-Poisson-Serre relations.

3.4 The o;-string through —6

To prove the defining relations of %, (Lg), we shall study charges associated with the string
of roots —0 + ra; with r taking values from 0 to the smallest strictly positive integer q such
that —60 + (q+ 1)a; is not a root. These roots are ordered as

< O0+a; < —0+20;<...<—-0+qa.

Expanding the path-ordered exponential appearing in (3.5a), we may write it as

T9(i T ol DAy GOV L (I S 5 [ dz F (x
(in+ep)=e pE T v+ O(e a|>|0e
(3.12a)

We are only interested in terms from v™ which will contribute to the a;-string through —6
defined above. We write such terms as

q fee) _
> / dz QP . (x) B0 (3.12b)
r=0v

This will be our definition of the charge densities QF 01ra,(T). We proceed in the same way
for T9(—in +e€_).



Charge densities )55:9 () and Charges éﬁe. The simplest charge densities of interest
can be obtained directly from (3.5), namely we have

QE)(x) = 3, (), (3.13)

where 559 () were defined in (3.6). We also define the associated charges

QFy = Dy / da QF,(2), (3.14)
where

do=100.0) amd Dp=(—2 )
o7\ = \4sinh(dgy) ) -

Charge densities }5€0+rai(m) and Charges @EB—I—rai' For completeness and to il-
lustrate the mechanism behind the expansion (3.12), we also indicate briefly how the other
charges would be computed. We stress, however, that we do not strictly need this deriva-
tion to prove the defining relations. Indeed, in the next section we shall obtain these
charges recursively as ¢-Poisson brackets of conserved charges. This ensures that they are
themselves conserved. In particular, we shall see later that the charge densities 55}_39 trog (x)
with 0 < r < q are expressed recursively as

55?9-1—7’0[1- ($) = 5139-&—7"04,- (gj) - 7N709+(7‘*1)04i7ai 351 (CC) / dy 55?0—1—(7‘—1)041- (y)’ (315)

with N_g4 (r—1)a;,a, defined in (2.7). We define the associated charge?

Q10 = DiDs | deBFy (a). (3.16)

Consider the case r = 1. We see from the expression (3.12a), taking into account (3.12b),
that it contains terms in E~9t% and E~?E® but no terms in E*E~?. On the other hand,

by expanding (3.5a) we would get

00 _ _ 00
[ o[ @B a3 [T a0 BB
[oe)

—00 —

+ 35 (2) / dyﬁE(,(y)HryEaiE_Q} (3.17)

— 00

Yet using the relation E%E~Y = —[E=% E%|+ E-YE% where [E~Y, E%] = N_g ,, B~ |
we may rewrite (3.17) as

/ dz (§€9+ai (z) = YN_g .0, I%, (:1:)/ dyﬁfje(yDE*Hai

by [ e [ ay(9E @3E0) + 38 0)3E(@)) by BB

The first line above allows us to identify QF,  (z) as in (3.15) while the term in the

second line gives 'ngi@f_EgE_eEo‘i.

0+a;

2The normalisations in (3.14) and (3.16) are fixed for later convenience.



4 Defining relations of %,(Lg)

In this section we prove that the defining relations of %, (Lg) are satisfied. The computa-
tions are straightforward but quite lengthy. For this reason, intermediate Poisson brackets
have been collected in the appendix. Let us stress that no ambiguity is encountered when
proving these defining relations. We shall comment on this in the next section.

4.1 First set of defining relations

The first result concerns the Poisson brackets between the level +1 charges @i:g introduced
in (3.14) and the level 0 charges (3.8). Since the derivation closely follows that of [3] we
omit the details. Starting from the definitions (3.6) and (3.9), we find, after some algebra

(38(2), 35, ()} = Fi (0, 1) 350 (2)00y,
{35(55)73?6@)} = —4i 8, xp(z)eX0 @5,

This allows one to deduce the following Poisson brackets of conserved charges

H{QIL, QY = +d;7(0,04) @, (4.1a)
~p dng —q —dgQ}f

Z{QG ?Q 6} - q dy _ q‘d9 ) (4'1b)

i{Q:LI:Cai’Qi@} =0, (4.1c)

where the conserved charge Q(S{ is defined as

n

Qf = d;l /_ooda:fjg{(x) with 35(1) = Z (0, a5) hi(z),

i=1

and h;(x) are defined by (2.8a). Note that the charge Q¥ is not independent of the Cartan
charges Qféi since we have the linear relation

dgQY _ZB (0, 0:) d; Q.

1,7=1

The results (4.1) are among the defining relations of %;(Lg).

4.2 ¢-Poisson-Serre relations
We now turn to the proof of the g-Poisson-Serre relations

{QaEp {in ) {Qia Qvij@}q T }q}q = 07 (4'23)

g+1 times
{{in @éa}qa @ﬁe}q = 0 (42b)

Recall the definition of the ¢-Poisson bracket in (1.2) and of the relevant charge densities
n (3.13) and (3.15). We shall need the following properties of N, 3 defined in (2.7).

~10 -



Consider the a-string through S whose roots are 8+ pa, ..., 5, ..., 8+ qa, with p < 0 and
g > 0. Then,
2(8, a)

(0"20‘) and 25 = —(p+a). (4.3)

N2z =q(1—p)

For the q;-string through —8, since —6 — «; is not a root, we have

2(9,042')

= , N2
(aia 042)

p=0, = N2, o= (0, ). (4.4)

0,05
For any r such that 0 < r < g, we then have the following identities

N2y raias = N2 yanes T (0 = Tai, i),

NEGeri,ai = <(T‘ +1)0 — (T;LD ai,ai) ) (4.5)
We shall also need the identities for the step functions,

Oyy Oy = Oyyr Oy + Oy Oy, (4.6)
Oyy Oyw = OyyOya — Oy 0ye.
g-Poisson bracket {Qi, QE o}q- Consider the Poisson bracket {JE (m),‘:jf;e(y)} given
n (A.1b). Rewriting 0,y = 3(ezy + 1) and using (4.4), we obtain the g-Poisson bracket

{35.@), 35 W)} = 2N-00, (310, (@) 0y = Y N-0.0, 35 (@356 () 0y ). (48)

Integrating (4.8) over z and y and using the definition (3.15) for » = 1, the ¢-Poisson
bracket between QEZ_ and Q% is found to be

g-Poisson-Serre relation (4.2a). Next, we compute the g-Poisson bracket between in
and QF, o, in a similar way. Using the relations (A.1), the result for the Poisson bracket

between JZ () and ﬁfjﬂai (z) can be expressed as
{304EZ (w)7§€9+a ( )}q - {\jal( )755394-0@ (y)} + Z.’Y(a’h _0 =+ ai)Jg (‘r)ﬁEG—&-a ( )
= 2i(N-910,0,:3 %20, (7) Oay + (i, =0 + )3, (2)D5p 0, (1) by
(i, ~0)3E (1) g0, () By ) (4.10)

Here we have used the identity (4.6). Integrating (4.10) on z and y, the g-Poisson bracket
between QEZ_ and QLEG ta, 1S then given by

{QaEinvj—EeJrai}q = 2iD9Dz‘2/ dx <N—9+a¢,a¢§§9+2ai(x)
—00
x o~
+ vy, =20 + o) IE (2 )/ dyQFy . () | (4.11)
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Using the identity (a;, —20+«;) = —NEH%_,&Z_

the right hand side of (4.11), we obtain

and the definition (3.15) for r = 2 to rewrite

{Qgﬂ QJ—EG—i-ai}q = 2Z‘N*9+C‘fi,ai Qé@-‘r?ai' (412)

Finally, let us evaluate the ¢-Poisson bracket between QEZ_ and @E, 20, Using the rela-
tions (A.1) and the identities (4.6) and (4.7), we find

{35.(2), 9% 20, ®)}q
= 2| N_g120;,0; §€9+3ai (z) Oy
+’7(ai7 —0 + 20@) 351 (.%') 3§9+2ai (y) gxy - ’YNEOJrai,ai 35@ (y) 3€9+2a¢ (.%') Hyw

Yy ~
_72N79+01i,a¢ ((ala _6 + al) 351 (.%') 351 (y) / dy/ Q€9+ai (y,) ezy

—0o0

+(ai, =0 + ;) JE (2) JE () / dy Q% 0. () Oya

Yy ~
(s i) 3E () 35 () / dy Dy, (1) by

—00

~ Yy
(o, —0) 3 () DF, . (1) / ay' 3 (') Oy

— (0w, —0) IL (v) ﬁfgﬂw (v) /x dy' 35 () Gym)] ) (4.13)

Integrating (4.13) over x and y, using the relations (4.5) for » = 2 and the definition (3.15)
for with r = 3, we obtain

{in @€9+2ai}q = QiN—9+2ai7ai@€9+3ai- (4-14)
Hence we have shown that for 0 < r < 2,
{QF, Q%110 }a = 2iN_01r0;.0,Q% 04 (r 10, (4.15)

For the general untwisted affine Kac-Moody algebra, the a;-string through —# has at most
q=2and N_giqa;,0; = 0. As a consequence, the g-Poisson-Serre relation (4.2a) is satisfied.

g-Poisson-Serre relation (4.2b). It follows from the ¢-Poisson bracket (4.9) that the
left hand side of the g-Poisson-Serre relation (4.2b) may be rewritten as 2iN_g 4, {Q€9+a¢’ Qg;}q.
Using the Poisson brackets (A.1), the g-Poisson bracket for the charge densities 55?9 o (T)

- 12 —



and 55’;39(@/) is given by

{97, 0,(@), 2% ()} = 2iv | (=0 + ai, =0)Q% o, ()35 (4)by

11 ~0) (354 0, (00801 =V V-0, 35 (D35 (0)0) | da'TEy(a')

-~ ) ~
+YN_p,0,JE (2) ((—9 + ay, —9)3%(.@)9@/ da'3(2)

—00

+(a’i’ 79) /$ dx,g?&(x/)gl—cb?(y)ex’y)] (416)

—0o0

Integrating (4.16) over x and y, we obtain

{QF 0. QF}q = DEDi(—0,20; — 0) / dw[ﬁEm(w) / dy 3%, (y)
€T ~ y ~
— ¥Nay,-0 35 () / dy 3Z(y) / dw’JEe(w’)]- (4.17)

Since (—0,2a; — ) = —N?

a;—0

root, the g-Poisson bracket (4.17) vanishes. This proves the ¢-Poisson-Serre relation (4.2b).

_p = 0, where the last equality is because «; — 26 is not a

5 Discussion

We have shown that the conserved local charges Qgi and non-local charges (Qfai, @59)
of the Yang-Baxter o-model satisfy the defining relations of the Poisson algebra % (Lg).
This result is valid when the rank of g is greater than or equal to two. We would like to
conclude by discussing a puzzle raised by this result.

The main observation is that, despite the non-utralocal nature of the model considered,
there are no ambiguities in the Poisson brackets entering the defining relations of the
Poisson algebra %, (Lg). The reason for this is that the problematic terms in derivatives of
the Dirac d-distribution from the Poisson bracket of Lax matrices never showed up in the
derivation. This is quite bewildering. Indeed, although the defining relations of % (Lg)
are unambiguous, the Poisson brackets of certain conserved charges are still ill-defined!
An example of this is given by the Poisson bracket between the charges QQE and Qvfje,
which does not appear in the defining relations. For concreteness, let us consider the case
g = su(3). The highest root is then § = a; + ao (a1 < a2). The charge density Qg(az) and
charge QF are given by [3]

OF(2) = 3E(2) — 7 Nay 0 35, () / dy 32 (), (5.1)

QéE = DalDQQ/ dmﬂg(x).
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It is then clear that the Poisson bracket {QF (), QF ()} contains a derivative of the Dirac
d-distribution. The value of this term follows directly from (A.1) and reads

—8in(1+ nz)e_vx“’ (z) "X (y) Opay. (5.2)

As a result, the Poisson bracket {QE ,Q@e} is not well defined. Note that when g is of
higher rank, the expression for the charge density Q(,E () contains further non-local terms
than those in (5.1). However, the Poisson bracket of these terms with ﬁﬂg(y) does not
generate any derivative of the Dirac d-distribution. The result (5.2) therefore remains valid.

Although puzzling, the situation is slightly better than in the undeformed case for the
classical analogue of the Yangian Y (g). Indeed, in order to establish the defining relations
in this case one has to deal with such ambiguities which, as already pointed out, arise even
in the Poisson brackets of level 0 charges [13, 16, 28]. It is interesting here to recall why,
in the deformed case, not only the defining relations but in fact all the Poisson bracket
relations of %,(g) are well defined. Indeed, all the conserved charges spanning the Poisson
algebra %,(g) can be extracted from the monodromy matrix 79(\) evaluated at the poles
of the twist function. It is then immediate from (3.1) that, for these values of the spectral
parameter, the Lax matrix only depends on the field X. In particular, no spatial derivatives
0, ever appear and therefore all Poisson brackets are well defined.

The presence of ambiguities in the full set of relations of %, (Lg) may also be understood
as follows. It was shown in [33] that (79 (in),T9(—in)) satisfies the Semenov-Tian-Shansky
Poisson bracket, which corresponds precisely to the full set of Poisson bracket relations of
the Poisson algebra %,(g). As we have shown, enhancing the latter to an affine symmetry
algebra requires working in the vicinity of the poles at +in, and yet the Poisson bracket of
T9(X\) with TY9(u) for two arbitrary spectral parameters A and p is notoriously ill-defined!
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A Poisson brackets

In this appendix we collect a number of useful Poisson brackets used in the main text.
To begin with, we shall need the Poisson brackets between the coefficients of H’ and
E*% in the expressions of X () and 9,g(x)g~!(x), i.e. hi(x), e4q(x) defined in (2.8a) and
JH(2), J1a(z) introduced in (2.8b). These are obtained by comparing terms appearing on
both sides of (2.4). We find
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[ 4i0,x0() 80y
{ea(.%'), 675(y>} - { QiNfﬁ,a ea,g(.’L‘) 53?1/7

{hi(x), J] ()} = Bj' 0a0ay,

{hi(z) }——ZZB (0, ) Jo () gy

{ea(x) }—ZZB (o, ) Jo () Oy,

n

if a 7 B,

| — o, o) JH (2 —3
{ea(@), J-p(y)} = 42( D (o) T (2) 8y 3x5wy) Ja;

j=1
QZ'N_B,O{ Ja_g(w) (Sxy,

{7 (x), Js(y)} = 0,
{Ja(l‘),Jg(y)} = 0.

For simple roots «; and «a;, we then obtain

{hi(z), €ta; (y
{ea; (), €a; (y
{e+a, (), oy (v
{exai (@), I (y
{eta;(2), Jiaj (y

a] o eal+aj(

)
)
)
)
)

}
}
}
}
}
)}

{eiai (.’L’), J:Faj

(¢§:Bmﬁ

Z e:l:oz7 ( )5ij5;ry7

) 5$y7

:F4Z8xonl( )00y,
+i Jiaj( )00y,

a] o Jog—&—og( )6xyu

- z'axaxy> 5ij.

if a 7 f,

For the highest root # and a positive root o € T, since # + « is not a root, we find

{exa(®),ex0(y)} = 0,
{eta(®), J1o(y)} = 0,
{exo(2), Jra(y)} = 0

Similarly, the Poisson brackets for €1, (x) defined in (3.3) are computed as

{hi(z), e = —4 ZBM a, ) €q(T) Oy,

—4i | OpXa () 62y — () 2in (1

{ea(a),e-5(y)} =

2iN_p.a [ea—p(x) — €(B) 2in (1 + 772) Ja—6(2)] day,

—41 0z Xa (f) Ozy 0ap

{Ea(x),g_g(y)} = { 2iN_p.q [ea_ﬁ(x) + (6(01) - 5(6)) 2in

~15 —

n
E (67 Oél
i=1

(1+7?) Jae

x)0zy + 10 5my>] 0aBs

/3(55)] 5:cyv

if o # B,

if a7 f,



where e(a) = sign(a). We also make use of the following results

{hi(x), exo(y }—WZB (0, 0j) €x(x) Oy,

{e:i:oai<x)7 i@(y)} =0,
{eiai (:U)agqie(y)} = 2UV:FO,:I:O@ g:|:(0—o<1-)(33) 5xyy

{eo(x),€_9(y)} = —4i |OuXa(z) by — 2in (14 1°) (Z(@ ;) JH (2)84y + 00 6xy>] ,
=1
{fev@(x);ev*@(y)} = —4i aacX@(x) 5acy

Finally, the following Poisson brackets between the densities J¥(z) and \:;g (x) hold

{35(2),35 ()} = 2iNg o I, 5(2) bzy
+ivy(a, B) I (x) IF(Y) €ay,  if a+ B #0, (A.la)
{35 (2), 3% (1)} = 2iN_p.0, 3910, (@) Ouy + iv(—0,0:) IE (2) IZp(y) €2y, (A.1D)
351 ($)73€9+a,‘ (y)} = 27;N*9+ai704i 379+2CM¢( )6ry

+i7(—9+ai,ai)3aEZ_($)\j 9+a( )ezyv (A.lc)
{35(2),3% 190, )} = 2iN_g 10,0, §E9+3a () 0g
+iy(— 9"'20‘170‘2) ( )\5 0+2a( ) €y, (A.1d)
{3%(2),3%()} = (=6, —0) 3% (2) 3% (y ) o (A-le)
{3%(x), 3" em(y)} = iv(-9, 9+0<z)d 0(2) 310, (W) €xy, (A.1f)
{35(2), 355 ()} = i7(0,=0) 35 (2) 355 (v) €ny
=8in(1+n*) e ()X (y) Dy (A.lg)

—4zi 0, [ i(z) — 2in(1 +n?) JiH(w)}dw.
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