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Abstract

Practical computational techniques are described to determine the Galois group of
a degree 8 polynomial over a function field of the form Q(¢y,...,t,). Each transi-
tive permutation group of degree 8 is realized as a Galois group over the rationals.
The techniques of Soicher and McKay [SM] for rational polynomials of degree less
than 8 are also extended to function fields. Timing and efficiency of a MAPLE V

implementation are discussed.

Résumé

Nous décrivons des techniques pratiques de calcul pour la détermination du groupe
de Galois sur un corps de fonctions de la forme Q(ti,...,t,) d’'un polynome de
degré 8. Chaque groupe transitif de permutations de degré 8 est réalisé comme un
groupe de Galois sur les rationnels. Les techniques de Soicher et McKay [SM] pour
les polynomes rationnels de degré moins que 8 sont aussi généralisées aux corps de
fonctions. L’éfficacité et le probleme du temps requis de I'utilisation de MAPLE V

sont discutés.



Acknowledgements

I would like to thank my supervisor, Prof. J. McKay, for his guidance throughout
the preparation of this thesis which is in large part the consequence of his many
excellent suggestions. I have much appreciated his patient encouragement and his
insistence on rigour is the source of any quality this work may have.

I am indebted to G. Butler, D. Ford, L. Kwok-On, C. Lam, and G. Smith for
many fruitful discussions and the use of their programs and results.

To my family I say thank you for your many years of support and love.

This research was funded by the Natural Sciences and Engineering Research

Council of Canada.



Maybe it has become too hard for us unless we are given some out-
side help, be it even by such devilish devices as high-speed computing

machines.

~H. Weyl
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Notation

k(o ..., a,) The field k extended by the elements ay, ..., a,.

k|x] The ring of polynomials over the field (or ring) k.

G(K/k) The Galois group of K over k. See Definition 1.2.6.

KH The subfield of K fixed by H. See page 8.

G/H The quotient of the group G by its normal subgroup H.

Galy(f) The Galois group of f over k. See Definition 1.3.1.

S, The symmetric group on n letters.

A, The alternating group on n letters.

G?, Standard notation for the transitive degree 8 groups. If ¢ = 4, the

group has only even permutations. The ‘n’ indicates the order of the
group. If there are several groups of the same parity and order, they

are distinguished as a = a,b,c,...See Appendix D for more details.

char(k) The characteristic of the field k.

A The discriminant of a polynomial. See Definition 1.3.4.

Q The field of rationals.

Q(ty,...,t,) Q extended by the transcendental elements ti,...,t,.

Z The ring of integers.

R[ty,...,t,] The ring of polynomials in r indeterminates over the ring R.
UFD Unique factorization domain.

af The degree of the polynomial f.

goh The composition g(h(z)) of the polynomials ¢ and h.

f | goh The polynomial f divides the composition of the polynomials g and h.
ko] Ring generated over k by a.

Fe, FSn See page 13.

stabg(F) The stabilizer of F' in G. The group G is omitted if it is S,, where



F € kl[zy,...,x,]. See page 13.

R(F, f) The resolvent polynomial associated with F' and f. See
Definition 1.5.4.

S| The cardinal of the set S.

k(x) The field k& extended by the transcendental element x.

Tsf The Tschirnhaus transformation of f by ¢. See
Definition 1.5.6.

|x] The greatest integer less than or equal to x.

fli=a The specialization of the polynomial f under the

substitution t = a.

Pr(f) The degree k power-sum symmetric function of f.
Z,, p", Vi, D,, Qs Sece page 70.

Ax B, AB See page 70.

F, The finite field of p elements.

Cr A primitive kth root of unity.

spl(f) The splitting field of the polynomial f.

rts(f) The set of roots of the polynomial f.

<l,mn>, (I,m|n, k) See page 70.
Ao B, AAB, At B See page 70.
Hol(A), Syl,(A) See page T1.



1 Introduction

1.1 History. The original definition of the Galois group leads to a means of

computing it and this has been pointed out by several authors (see for example

[vW, p.189]). But, as Galois himself said [BA],

Si maintenant vous me donnez une équation que vous aurez choisie
a votre gré, et que vous désiriez connaitre si elle est ou non résoluble
par radicaux, je n’aurai rien a y faire que de vous indiquer le moyen de
répondre a votre question, sans vouloir charger ni moi ni personne de le

faire. En un mot les calculs sont impraticables.

The technique involves factoring a polynomial of degree n! in order to find the Galois
group of a degree n polynomial f. Hence it is feasible for only the smallest values
of n.

However, with the advent of high speed digital computers, powerful new methods
have been developed to quickly determine the Galois group of higher degree poly-
nomials. In 1969, Stauduhar [St1] presented an algorithm for rational polynomials
of degree 8 and less. This algorithm has recently been extended to degree 9 [O]. A
decade later, Soicher and McKay [S1, SM] presented a different approach which was
implemented for polynomials of degree 7 and less.

The principal advantage of the method of Soicher and McKay is that it is easily
generalized to polynomials over fields other than the rationals. In this thesis we
realize this potential by demonstrating an extension of the technique to function
fields of the form Q(ty,...,t,) (where ti,...,t, are transcendental over Q) and
polynomials of degree 8 and less.

Following an introductory section outlining the theory required, Section 2 shows
how the ideas of Soicher and McKay may be extended to the degree 8 case. In Sec-
tion 3 we give details of an implementation of the algorithm in the MAPLE V [CGG]
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language. This is followed by an analysis of the program with timing results in Sec-
tion 4. The appendices include, in Appendix A, a list of polynomials realizing each
transitive degree 8 group as a Galois group over the rationals and, in Appendix B,

a list of polynomials over Q(t) of degrees 3 through 8 with selected Galois groups.

1.2 The Fundamental Theorem of Galois Theory. We begin with some def-
initions leading to the fundamental theorem of Galois theory. Details can be found
in any standard algebra text such as [L, pp.263-313]. In the following k is a field,

K an extension field of k and f a non-constant polynomial in k[z].

Definition 1.2.1 The field K is a splitting field of f over k if f splits (into
linear factors) in K and K is minimal with respect to this property. If S is a set of
polynomials in k[x] then K 1is a splitting field for S if each f € S splits in K and

K s minimal.

Since a splitting field is unique up to isomorphism, we often refer to the splitting

field.

Definition 1.2.2 The polynomial f is separable over k if it has distinct roots in
the splitting field. The element o of K 1s separable over k if it is the root of a
separable polynomial in k[z]. If every a in K is separable then K is a separable

extension of k.
Definition 1.2.3 An element « of K is primitive if K = k(«).

Proposition 1.2.4 If K is a separable extension of k, then K has a primitive

element.

Definition 1.2.5 The extension K is normal over k if it is the splitting field of a

set of polynomials in k[z].



Definition 1.2.6 The extension K is Galois over k if it is normal and separa-
ble. In this case, G(K/k), the Galois group of K over k, is the group of field
automorphisms of K fizing k.

Notation: Let H be a subgroup of G(K/k). We denote the subfield of K fixed by
H by KH.

Theorem 1.2.7 (The Fundamental Theorem of Galois Theory) Let K be a
Galois extension of k. There is a bijection between the set of subfields E of K
containing k, and the set of subgroups H of G(K/k), given by E = K. The field
E is Galois over k if and only H is normal in G, and if that is the case, then the

map o — o|g induces an isomorphism of G/H onto the Galois group of E over k.

1.3 The Galois Group of a Polynomial. We define the Galois group of a poly-
nomial and introduce some invariants of the group easily derived from the polyno-

mial.

Definition 1.3.1 If f € k[x] is separable, then the splitting field K of f is a Galois

extension. In this case we call G(K/k) the Galois group of f over k and denote it
by Galy(f).

We will generally assume that f is irreducible and char(k) = 0 so that f is
separable. Let o € Galy(f). If « is a root of f, then, since o is a field homomor-
phism, we see that o(«) is again a root of f. But since o is also a monomorphism,
it permutes the roots of f. Hence Gali(f) acts on the roots ai,...,a, of f by
permutation.

In this way Gal(f) is a subgroup of S,, the symmetric group on n letters.
However, this injection depends on the labelling of the roots; relabelling the roots

amounts to conjugation by an element of S, .
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Definition 1.3.2 Groups G, G5 in S, are permutation isomorphic if G; =

a 1Gya for some a € S, .

Here, we identify the group only up to permutation isomorphism. This equiva-
lence is stronger than abstract group isomorphism; isomorphic transitive subgroups
of &, will be permutation isomorphic only if the isomorphism is realizable by a
permutation in S,. For example the groups Gy, and Gsag (see Table 9) are both
isomorphic to < x,y|z*, y?, (xy)*, 22 yryz’yzdy > in Sg. However, since no permu-
tation isomorphism can change the parity of a group, they are not permutation

isomorphic.
Proposition 1.3.3 The polynomial f in klx| is irreducible iff Gali(f) is transitive.

Definition 1.3.4 Let k be a field with char(k) # 2 and f € k[z]| of degree n with
roots aq, ..., q, in the splitting field K. The discriminant of f is
A =] — a;)* € k.
i<j
Proposition 1.3.5 Let k, f, K and A be as above. Then A is a square in k iff
Gal(f) € Ay

Although the theory developed to this point applies generally to any field k,
we will assume henceforth that k is of the form Q(¢q,...,t.) (including the case
k = Q) whence k is the quotient field of the unique factorization domain (UFD)
D =1Z[ty,...,t]. We can relate factorization modulo maximal ideals in D to cycle

shapes in Gal(f) (using the monomorphism Gal(f) — S, ).

Definition 1.3.6 The shape of o in S, s the partition of n determined by the

lengths of its disjoint cyclic factors.
Notation: We denote the degree of the polynomial f by Of.

9



Proposition 1.3.7 Let k be the quotient field of D = D/p where p is a maximal

ideal in D and suppose f = fmodp has no repeated roots. Then Gal(f) is a
subgroup of Galg(f).

Corollary 1.3.8 The partition of f induced by the degrees of the irreducible factors
of f is the shape of an element of Galy(f).

Proof. See [vW, pp.190-191]. O

In case D = Z, we have the following result (see [LO]):

Theorem 1.3.9 (Cebotarev Density Theorem) Let 7 be a partition of n. Then
as | — oo, the proportion of occurrences of m as the factor type of f mod p;,
i=1,...,1, (p1,...,p distinct primes) tends to the proportion of permutations of

that shape in Galg(f).

1.4 Imprimitive Groups. A reference for the material in this section is [W,

pp.11-15].

Definition 1.4.1 Let G be a transitive permutation group on Q, |Q| = n. The
group G is imprimitive if it stabilizes a partition of ) into | sets of size m (i.e.
n =1Im) with 1 < m < n. In this case the stabilized sets are called blocks (of

imprimitivity ).

Proposition 1.4.2 Let [ € k[z] be an irreducible, separable polynomial of degree n.
Then Galg(f) is imprimitive iff there exist polynomials g, h € klz|, with 0g,0h < Of
and g irreducible, such that f | goh. In this case, Galg(f) has a decomposition into
dg blocks.

We shall call such a polynomial f imprimitive.

10



Proof. Let K be the splitting field of f and let the roots of f be ay,...,a,. Let
G = Gali(f).

Suppose first that G is imprimitive with [ blocks of size m. Let B be the block
containing «;. Let G, be the stabilizer of a; in G and Gpg the setwise stabilizer

of B. By the fundamental theorem of Galois theory,
kC K% C K9 C K.

Evidently,

K% = k(ay) = klay].
Now, K95 is separable over k so it has a primitive element (3 such that K5 =
k(B). Since 8 € klaq], we see that § = h(«ay) for some h € k[z]. Let g € k[z] be
the minimal polynomial of 3 over k. Then dg = [k(B) : k| = |G : G| =n/m =1
and since goh(ay) =0, we have f | goh as required.

Conversely, suppose f | goh where dg = [. Let (3,..., 3 be the roots of g.
Let

B; = {aj|h(a;) = 5}
Since the [; are all roots of the same irreducible polynomial, any ¢ € GG acts on the

f; by permutation. Suppose o, o, € B;, and o(3;,) = f;, for some o € G. Then
h(o(0)) = hlo(0) = B,

and o(aj,),0(ej,) € B;,. Thus G stabilizes the partition of the «; into [ sets B;

and is imprimitive. O

Casperson and McKay [CM2] have recently described a practical algorithm for
finding decompositions f | goh when f € Q[z]. Let f have degree 0f = n with

roots agq,...,q,. Let

n—1 )
h = Z c;a’.
j=0

11



If oy, @, are in the same block, then h(a;,) = h(q;,) whence

n—1

Z cj(ozgl — ozfé) = 0.

7=0
So, using approximations to the roots «; of f, we can use a Z linear-dependence
algorithm such as the LLL [LLL] algorithm to determine the coefficients ¢;, j # 0 of
h. (It should be noted however that since we have no bounds for the coefficients of
h, we do not know how accurate the root approximations must be. For this reason,
the algorithm may miss decompositions.)

Once h is known, there are several ways of determining g. We can use a Z linear

dependence algorithm to find ¢ as the minimal polynomial for h(«) where « is a

root of f. Another method is to form

r(y) = resultant,(y — h(x), f(z)).

(The subscript z indicates that z is eliminated.) Then g = r/(gcd(r,7")).
It appears however that the best method for constructing ¢(y) is by generating

equations of the form
y* = (h(z))* mod f, k=0,...,M

until Z-linear dependence occurs. At most M such equations are necessary where
M is the greatest proper divisor of n.

So the algorithm proceeds as follows. Calculate approximations to the roots of
f. Fix one root «;. For each distinct pair ay,q; construct A and g and test if
f | goh; if so, f is imprimitive and «; and «; are in the same block. For this pair,

then, we have found the polynomials h and g.

1.5 Resolvent Polynomials. A reference for the material in this section is [MD].

We begin with the Fundamental Theorem of Symmetric Polynomials. In the follow-
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ing, A is a commutative ring and t1,...,t, algebraically independent elements over

A.

Definition 1.5.1 Let F' € Alty,...,t,][z] be defined as

n

F=1](z-t)= é(—l)jij"j.

i=1
Each s; is a polynomial of total degree j in ti,...,t,. These are the elementary
symmetric polynomials of t1,...,t,.

Note that, up to sign, the elementary symmetric polynomials are just the coeffi-

cients of F'.
Definition 1.5.2 The polynomial f € Alty,...,t,] is symmetric if

f(th cee 7tn) = f(to(l)a cee 7t0(n))
for each 0 € §,,.

Theorem 1.5.3 (Fundamental Theorem of Symmetric Polynomials) Let
f € Alty, ..., t,] be symmetric. Then there exists a polynomial g € Alty, ..., t,] such

that f = g(s1,...,8,) where the s; are the elementary symmetric polynomials.

The resolvent polynomial is a very useful tool in the determination of Galois
groups. We define it and give some of its properties. In the following, let f € k|x]

be a polynomial of degree n with roots «y,...,a, over the field k.

Notation: For F € k[zy,...,2,] and 0 € S,,, we denote F(x4(1),...,Tom)) by F7
and {F?|oc € S,} by F°.

Notation: Let H = stab(F) be the stabilizer in S, of F. (That is, H is the
largest subgroup of S,, fixing F'. Note that any subgroup of H will also fix F'.) For

13



0€S,, Ho = {holh € H} is a right coset of H in S, and o is a representative
for Ho. (We use the permutation multiplication convention consistent with the

equation (b, c)(a,b) = (a,b,c).)

Definition 1.5.4 For F € k[xq,...,x,], let o1,...,0, be a set of right coset rep-
resentatives of stab(F') in S,. The resolvent polynomial R(F, f) associated with
F and f s defined by

R(F,f) = ﬁ(:p — Fo%(ay,...,ap)).

Since the o; represent different cosets, we know that if ¢ # j then F7 # F9i.
However, it may turn out that F7 (ay,...,ap) = F%(ay,..., o). We will say that
R(F, f) has distinct zeroes in case ¢ # j implies F%(aq,...,a,) # F%(aq,...,ay)
(whence R(F, f) has no repeated roots).

If k is the quotient field of the UFD D, then, by clearing denominators, we may
assume f € D[z]. The coefficients of the resolvent polynomial R(F, f) are symmet-

ric functions in the roots of f. Hence, by the fundamental theorem of symmetric

functions, they are polynomials in the coefficients of f. Thus R(F, f) € D|x].

Definition 1.5.5 For a group G acting on a finite set S, we call the partition of
|S| induced by the lengths of the orbits of S under G the orbit-length partition
of S under G.

Notation: Any element ~ of k(x) may be written uniquely as g,/gqs where g, gaq

are in k[x], g, is monic and g,, g4 have no common factors. We will denote g,, by

N(7).

We shall define the Tschirnhaus transformations as follows (see [B, pp.171-178]

for a more standard exposition):

14



Definition 1.5.6 If ¢,1 € k(z) are inverses, (i.e. ¢o1p = ho¢ = 1) then
Tyf = N(f o¢) is a Tschirnhaus transformation of f.

Proposition 1.5.7 The Galois group is invariant under a Tschirnhaus transforma-

tion; if Tyf is a Tschirnhaus transformation of f, then Gal,(T,f) = Galy(f).

In this way, Tschirnhaus transformations induce a partition of the set of polyno-

mials into Galois equivalence classes.

Proposition 1.5.8 Suppose R(F, f) has distinct zeroes. The orbit-length partition
of FSn under Gal(f) is the same as the partition of OR(F, f) induced by the degrees
of the irreducible factors of R(F, f).

Thus the factorization of resolvent polynomials is determined by Galy(f). The
factorization of f over k(v/A) when A is not a square is also an invariant of the

Galois group:

Proposition 1.5.9 Let g be an irreducible factor of a resolvent polynomial R(F, f)
such that Fj(a) (where a = au,...,,)) is a zero of g for some F; € F. The

following are equivalent:
1. stabg, () (F};) is a subgroup of A, .
2. k(Fj(a)) contains k(v/A).
3. g is reducible in k(v/A)[x].

Proof. The equivalence of 1 and 2 follows immediately from the fundamental theo-

rem of Galois theory and the observation that

k(FJ (@) = K Stabgany () (F5)

15



and

k:(\/K) — K Galk(f)()An

where K is the splitting field of f.
Let h be the minimal polynomial of F(a) over k'(\/Z)

g is irreducible over k(VA)
s g=h
& [k(Fj(a)) : k] = [K(Fy(@), VA) : k(VA)]
& [k(Fy(a), VA) : k(Fj())] = [K(VA) : k] = 2
& k(VA) € k(Fj(a)

Hence 2 and 3 are also equivalent. O

The Galois groups of factors of resolvent polynomials are also invariants of Galy(f):

Proposition 1.5.10 Let g be an irreducible factor of a resolvent polynomial R(F, f)
with roots Fy(a),...,F,(a) where F; € FSv, 1 < i < m, are distinct and o =
(a1,...,ap). Then Gali(g) C S, is a representation of Gali(f) as a permutation
group acting on {Fy,...,Fy,}. To each o € Qalg(g) there corresponds o* € Gali(f)
such that the action of o on the F; is that induced by o* on the o;.

Proof. This is an immediate consequence of the fundamental theorem of Galois

theory. Note that Gali(g) is a quotient of Galy(f). m
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2 The Problem in Degree 8

2.1 History. At present there are two basic approaches to computer aided com-

putation of Galois groups. We briefly review these and discuss their relative merits.

2.1.1 Stauduhar’s Method. Stauduhar’s method [St1, St2] relies on the idea

of a polynomial belonging to a group (see page 13 for a definition of stab(F)):
Definition 2.1.1 We say that F € k[z4,...,x,] belongs to G = stab(F).
We will call a sequence
S, =GyDG DGy D,...,D G,

of subgroups of S, a chain if G,;; is a maximal transitive subgroup of G; for
each i =0,...,m — 1. A monic, irreducible polynomial f with integral coefficients
determines a chain as follows.

Suppose we know that Gal(f) C G; (initially G; = §,,) with respect to some

ordering a = (o, ..., a,) of the roots of f. Let H be a maximal transitive subgroup
of G; and oy,...,0; a set of right coset representatives for H in G; (see page 14).
Let

k

Ry(F,f) =[[(z - F"(a))

i=1
be a factor of R(F, f) where F belongs to H.
Proposition 2.1.2 Ry (F, f) has a linear factor in Z[z| iff Gal(f) is contained in

a conjugate of H .

So for each maximal transitive subgroup H of Gy, we test Ry (F, f) for a linear
factor. If it has one, then G;,; = H and the factor determines a new ordering of
the roots such that Gal(f) C H. If none of the Ry(F, f) have a linear factor the
chain terminates at (G;. In this way, we extend the chain until one of the two things

happens:

17



1. We find that G; is a minimal transitive group. In this case the chain terminates

2. For all maximal transitive subgroups H of G;, Ry(F, f) has no linear factor.

In this case the chain terminates with G,, = G;.

Note that if Gy D,...,D G,, is the chain associated with f in this way, then
Gal(f) = Gy,. So in Stauduhar’s method, given a polynomial f we determine its
chain and return the tail element of the chain as the Galois group. For each degree
n, we need to store a set of chains passing through each transitive subgroup of S,
and, for each subgroup in a chain, a polynomial belonging to the subgroup and coset
representatives of the subgroup in its predecessor in the chain must be tabulated.

The polynomials Ry (F, f) are constructed using high-precision approximations
to the roots of f. We know that Ry (F, f) has integer coefficients since the roots are
ordered such that Gal(f) C H (see [St2]). So to construct Ry (F, f) we approximate
the roots to sufficient precision that the resulting error in the absolute value of
the coefficients of Ry (F, f) is less than 0.5. This required precision can be very
large. For example, Stauduhar [St2] reports calculations using 192 bit (& 60 digit)
approximations to the roots of a degree 6 polynomial. In [CM1] it is stated that
calculations for certain degree 11 and 12 polynomials require thousands of digits of
precision.

Since Stauduhar’s method relies on calculations using approximations to the
roots of f, it is not easily generalized to fields other than the rationals. In par-
ticular, it cannot be extended to function fields Q(t¢1,...,¢.). On the other hand,

the technique is very fast over QQ in comparison with that of Soicher and McKay.

2.1.2 The Method of Soicher and McKay. The algorithm of Soicher and
McKay [S1, SM] uses shapes (see Section 1.3) to indicate what the Galois group

18



may be, followed by the use of resolvent polynomials to fix it. Rather than test for a
linear factor, as was the case in Stauduhar’s method, the resolvents are completely
factored so that the resultant orbit-length partition (see Proposition 1.5.8) may be
brought to full use. In this way, only a few resolvents are required to distinguish all
the groups of a given degree.

Moreover, the resolvents are relatively simple. For a degree n polynomial we
make use of the orbit-length partition on r-sets (r = 1,2,..., |n/2]|) and 2-sequences.
In these cases, the polynomials relating the coefficients of the resolvent to those of
the initial polynomial are easily derived. (See [EFM)] for example.) Hence, there is
no need to work with approximations to the roots of the polynomials. For this rea-
son, the method is easy to generalize to fields other than the rationals. The storage
requirements of this technique are minimal. For each group we record its shapes and

the orbit-length partitions of r-sets and 2-sequences under its action.

2.2 Distinguishing Groups of Degree 8. The method is essentially the same
as that outlined by Soicher and McKay [SM] for the groups of degree up to 7.
Let f be an irreducible polynomial in k[z] of degree 8 where k = Q(ty,...,t,).
To determine the Galois group it suffices to distinguish it among the 50 transitive
subgroups of Sg (see [BM]). So we begin with a list of 50 candidates for the Galois
group. At each stage we make a calculation based on f which yields some further
property of the Galois group. Those groups which do not have the requisite property
are removed from the list. This continues until there is only one candidate left which

must therefore be the Galois group.

2.2.1 Discriminant and Shapes. We first determine whether Gali(f) is even
by calculating the discriminant. Since k is the quotient of the UFD Z[tq,...,t,],

we can look for cycle shapes by factoring f modulo maximal ideals. For each shape

19



found in this manner, we may eliminate all candidate groups which do not exhibit
this shape. The groups Sg and Ag contain respectively three and two shapes found
in no other groups. In both cases, elements of these shapes make up 1/5th of the
group. As is illustrated in the following examples, if Galip(f) is Sg or Ag, we can
usually already prove it at this stage by finding shapes unique to these groups (they

are distinguished from one another by parity; As is even and Sg is not).

Example 1: According to Matzat [M], the polynomial
2" —nz" L (=D)"2(n - )" Y (n— D2+ 1)
over Q(t) has Galois group A,, when n =0 mod 2. In particular, if n = 8, we have
f=a%—8z" + 7 (7" +1).

Since f is irreducible, Galgu)(f) is a transitive subgroup of Ss. The discriminant
of f is
A = (27572 + 1))

As A is a square in Q(t), we know that Galgu)(f) C As.

We next find shapes by factoring modulo maximal ideals. It is convenient to use
ideals of the form p = (p,t — a) where a,p € Z and p is prime. Then Z[t|/p = Z,
is a field and so p is maximal. To factor f modulo p, we first ‘specialize’ f by
setting t = a and then factor f|;—, mod p. (Note that Galg(f|:=.) is a quotient of
a subgroup of Galgu)(f).) To ensure that f mod p has no repeated roots we choose
a and p such that A # 0 mod p under the specialization ¢ = a. (In particular
p # 2,7.) The choice a =1, p = 3, gives the specialization

fliza = 2% — 827 + 2377

(2% +22° + x + 1)(2° + 22* + 2° + 22 + 2 + 2) mod 3,
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and so Galqq)(f) has an element of shape 3,5, but the only transitive subgroup of
As with this shape is Ay itself (see Table 11). So Galq«)(f) = As, as required.

Example 2: Matzat [M] also provides examples of polynomials with Galois group
S,:
" —tx +t.

In the case n = 8, we have f = 2® —tox +t. As the discriminant 2247 — 77¢® of f is

not a square in Q(t), we see that Galqu(f) € As.

fliet = 2 —2z +1

= (P + 2+ 1) (2 +2° +2° +2° + 1) mod 2
flies = 2® =324 3

= (@ + o+ 1)@ +2° +2° +2° + 1) mod 2
flies = 2® =52 +5

= (P + 2+ 1) (2 +2° +2° + 2% + 1) mod 2
flier = 2® = T2 47

= (P + o+ 1)@ +2° +2° +2° + 1) mod 2

(Specializations with t = 0 mod 2 are omitted as the discriminant is trivial mod 2 in
those cases.) So the Galois group has an element of shape 2,6. Consulting Table 11,
we see that Galgq)(f) must be one of the following: Gus, Gig2., Gioon, Gsa, Giise
or Sg. Under the specialization ¢ = 8, f has factors of degrees 3 and 5 mod 3. The
only group in the list just given with the shape 3,5 is Sz. So Galgu (f) = Ss as

required.

2.2.2 Imprimitivity. If £ is Q, the algorithm of Casperson and Mckay [CM2]

(see Section 1.4) can be used to test f for imprimitivity. If a decomposition f | goh
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is found, groups which are not imprimitive with dg blocks may be eliminated. There
are several more groups which may be identified at this stage using this technique

in concert with those mentioned previously.

Example 3: The polynomial f = 2% + 42% + 72* + 622 + 5 has discriminant
A = 2132115 and Galg(f) € As. Since A = 0 mod p for p = 2,3,5,11 we begin
looking for shapes by factoring mod 7. Since f is irreducible mod 7, the groups
G324, Geudg, Gese and Giga,, which have no element of shape 8, can be removed
from the list of candidates.

Modulo 13, f has two factors of degree 2 and one of degree 4. The groups Zs,
G16as Giev, Giee, Gaaa, Gz, Gas and PGL(2,7) may be eliminated as they lack
an element of shape 224. By factoring mod 17, 19 and 23 we find shapes 8, 4% and
1223, The first two give no new information as all remaining candidate groups have
these shapes. However Gsa., Ggse and Gs7g have no element of shape 1223 and can
be eliminated. The shape 42 occurs again mod 29, but mod 31 we find the shape
122,4, allowing us to remove Geue, Gewn and Gigep and leaving only Giag, Gssa,
Ghis2 and Sg as candidates for Galg(f).

Evidently, setting g = % + 423 + 722 + 62 + 5 and h = 22, we see that f = goh
so that f | goh. An additional decomposition is: f | ((? 4+ 3z +5) o (z* + 22?)).
Since Gi9g is the only group amongst the remaining candidates which has systems
of imprimitivity with both 2 and 4 blocks (see Table 9), we conclude that the Galois

group is Giog.

Example 4: The polynomial f = 2® + 2% + 1 has discriminant 28229% whence
Galg(f) € As. Factoring modulo p for p = 3,5,7,...,23, we find the shapes
1232, 26, 4% and 1224. This leaves Gios,, Gloans Girg, (22.1(3,2))T and A as
candidates for Galg(f). Clearly f | ((z*+x+1)02?). Since Gy, is the only one
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of the remaining groups with a decomposition into four blocks of imprimitivity, we

conclude that Galq(f) = Giga.-

2.2.3 Orbit-Length Partitions. Although testing shapes and imprimitivity are
efficient ways of reducing the list of candidate Galois groups, they do not, in gen-
eral, provide a proof; for this we must turn to resolvent polynomials. As was the
case for smaller degree polynomials [S1, SM], we make use of r-set (r = 2,3,4)
and 2-sequence resolvents. The orbit-length partition of these four resolvents distin-

guishes 24 of the 50 groups.

Notation: We will refer to the resolvent whose roots are sums (respectively prod-
ucts) of r-sets of the roots of f as the r, -set (respectively ry-set) resolvent. Thus,
the 2, -set resolvent is R(x1 + x9, f) and the 2, -set resolvent is R(z1x2, f). We use

R(xq + 2x4, f) as a 2-sequence resolvent.

Example 5: Let f = 2% — 2. The discriminant of f is —23' so Galg(f) € As.
Factoring f modulo p for the primes 3 < p < 41, we find the shapes 1223, 4?
and 8. After removing subgroups of Ag and those missing any of these shapes,
the remaining candidates for Galq(f) are Giea, Gioc, G32as Gas, Geaa, Goan, Gios,
Gioon, PGL(2,7), G3ss, G152, and Sg. However, by the Cebotarev density theorem,
we expect that the Galois group is Gig.; all the other groups have shapes not yet
observed in the first 12 primes, but which should occur more frequently than 1/12.
(In fact we shall see that Gal(f) is Gig.. All shapes of Gig. occur in each of the
other remaining candidates. So we can not further reduce the list of candidates by
testing shapes.)

Clearly f | ((2* —2)oa") and f | ((z*—2)02?). The groups Gus, Giom,
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PGL(2,7), Gsgs, Gi152 and Sg are removed from the list of candidates as they do
not have decompositions into both 2 and 4 blocks.

The group Gi6. may be distinguished from the other groups in the list of can-
didates by orbit-length partition of 2-sets and 3-sets. Since we have not yet proved
that the group is Gyg., we start with the 2-set resolvent as it has smaller degree and
is therefore easier to construct and factor. The remaining candidates for Galg(f)
have differing orbit-length partition on this resolvent, so we will be able to eliminate
candidates using it.

The 2, -set resolvent
22 4 2224 — 12220 — 24210 + 48212 + 9628 — 642t — 128

has repeated roots. In order to apply Proposition 1.5.8 we first construct f* from f

by the Tschirnhaus transformation z — z + 1
=%+ 82" + 282° + 562° + 70z* 4 562° + 2827 + 8z — 1.
The 2, -set resolvent of f* factors as

(2% — 423 + 622 — 4w — 1) X
(28 — 827 + 2825 — 5625 + 6621 — 1042 + 3622 + 8z + 1) X
(21 — 162 4 1202 — 5602 + 1828z'2 — 43362 + 7608x1°
— 1032022 + 118462% — 1195227 + 1197625 — 87202° + 1828x*

+ 158423 + 26422 + 162 + 1)

so the orbit-length partition is 4,8,16 and we may eliminate G4, from the list of
candidates.

Finally, the orbit-length partition for the 3-set resolvent is 83162. The only
remaining candidate with this partition of 3-sets is Gig. (see Table 12). So the

Galois group of 28 — 2 is Gig.
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Example 6: Let f = 28 4+ 22* + 2. The discriminant, 227, is not a square so that
Galg(f) € As. Factoring mod p for 3 < p < 37 yields shapes 8, 14, 4%, 224 and
2% so that Gsae, Geaa, Gros, Gioon, Gasa, Giise and Sg remain as candidates for
Galg(f). By Cebotarev, the most likely candidate is G

Since f | ((x*+22%+2)oz?) and f | ((#®+2z+2)oz?) we may eliminate Ggg,
G'sg4, G152 and Sg. The resolvent of least degree which allows us to further reduce
the number of candidates is the 2-sequence resolvent. As it has an orbit-length

partition of 8232, we conclude that Galg(f) = Gaa..

2.2.4 Factorization Over k(v/A). Amongst the groups not distinguished by
orbit-length partitions, all but three of those with discriminant A not a square

in k can be identified by testing irreducibility of factors of resolvents over k(v/A)
(See Table 1).

Example 7: Let f = 2® — 42°% + 42 — 2. The discriminant —(2)% is not a square
so Galg(f) is not even. Factoring modulo p for p from 3 to 71, we find the shapes
1223, 144, 224 and 42. So the list of candidates for the Galois group is Geua, Geud,
G1og, Groop, Gsge, Gris2 and Sg. Using the Cebotarev density theorem, the most
likely candidate is Ggyq.

Clearly f | ((z*—423+42?—2)oz?). On the other hand, f | (2*—2)o(z*—22?)
as well. Consequently, only Ggsy, Gesq and Gigg remain as candidates for the
Galois group. Since these groups all have the same orbit-length partition for the
four resolvents, there is nothing to be gained by attempting to factor them.

Instead, we use factorization over Q(y/—2). From Table 1 we see that, the Galois
group may be identified by examining the degree 16 factors of the 2-set and 3-set
resolvents. The 2-set resolvent is of lesser degree (and is therefore easier to construct

and factor) so it is best to start with it.
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Group Factor(s) to be Tested

(Resolvent /Degree of Factor)

2-set /4
G reducible
Geap irreducible

2-set/4
G324 reducible
Gese irreducible

2-set /4 2-set/16 3-set/16

Gesq  irreducible  reducible reducible
Geue reducible irreducible reducible
Gesq irreducible irreducible reducible

G2 irreducible irreducible irreducible

2-set /12
G576 reducible
Giis2 irreducible

Table 1: Distinguishing groups by testing irreducibility of factors of resolvents over

KVA).
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Since the 2, -set resolvent of f has repeated roots we first construct f* from f
via the Tschirnhaus transformation x +— x + 1. The required factor of the 2, -set

resolvent polynomial of f* is

g= 2% —162'° 4+ 962 — 25623 + 19622 + 5282 — 10562

+ 90228 + 59227 + 14402 + 2562° + 1962* + 4823 + 3222 + 1.

As g is irreducible over Q(1/—2) we may eliminate Gy, -
The 34-set resolvent of f also has repeated roots, but, again, that of f* does

not. The degree 16 factor is

h = 2% — 162 + 3622 + 336210 4 3222° + 2402° + 922 + 1622 + 1
= (2® — 82°% — 8v/—22° — 142" — 82% — 1) x

(2% — 82°% 4 8v/—22° — 14a* — 82% — 1).
Since h factors over Q(v/—2), we conclude that Galg(f) = Geua-

2.2.5 Galois Groups of Resolvent Factors. The remaining sixteen groups can
be determined by calculating the Galois groups of factors of the resolvents as indi-
cated in Table 2. For example, to distinguish (Zy x A4)* from (Zs x S4)* we make
use of the 2-set resolvent. The resolvent has an irreducible factor g of degree 4.
(Since (Zy x Ay)* and (Zy x S4)* have the same orbit-length partitions for the
resolvents, both groups will have such a degree 4 factor.) Using the methods in [SM]
we can find Galy(g). If Galp(g) = Ay then Galp(f) = (Zy x Ay)T. If Galy(g) = Su
then Galy(f) = (Za x Sy)7.
The ‘4-diff” resolvent polynomial referred to in Table 2 is

R((z1 + 29 + 23 + 14 — 75 — 76 — 17 — 78)%, f).
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Gali(f) Resolvent dg  Galy(g)
(Zy x Ay)* 2-set 4 Ay

(Zy x Sy)* Sy

G 2-set 8 Gy

Gy Goae
(28.Z7)* Z:
(23.(Z7.Z3))" 4-diff 7T (Z7.Z3)"
(23.1(3,2))" PSL(3,2)"
Gi6a 2-set 4 Ay

G'lo2a Sy

G, Adiff 6 A,

Glgas Su/Vi
Gss 2-set 12 12717
G 1272+
1271+ 2-set 6 Z3.Ss3
1272 32.22
G192a Ge
Gl 4-diff 8 Gis.
Giss4 Gom

28

Table 2: Distinguishing groups using Galois groups of resolvent factors.




Example 8: Let
f=a%—a" +22% 4 22° + 7o* + 3% 4 42 + 32 + 5.

The discriminant A = 2951572 is a square whence Galg(f) C Ag. The shapes found
amongst the primes between 2 and 31 (excluding 29) are 1,7 and 2% so that the can-
didates are (23.Z;)", (23.(Z7.Z3))", L(2,7)%, (23.L(3,2))" and AJ with (23.Z;)"
most likely according to Cebotarev. As the remaining groups are all primitive, there
is no need to test for imprimitivity.

The groups L(2,7)" and A¢ may be removed from the list using orbit-length
partitions on 4-sets. By Table 2, the remaining groups may be distinguished from
one another using the degree 7 factor g of the 4-diff resolvent. Following [SM], we
find Galq(g) = Z-. The Galois group is therefore (23.Z;)*.

For 0g < 8 we can use either the techniques of Soicher and McKay or those
we are presenting here to find Galy(g). However, to distinguish between Gggg and
Gz we make use of a factor g of degree 12. In this case, we denote Gali(g) by
12717" (respectively 1272%) when Gali(f) is Gags (respectively Gizg). Then as
indicated in Table 2, the Galois group of the degree 6 factor of the 2-set resolvent
of g depends on whether Gali(g) is 127°1% or 1272% (12717 and 1272 have the
same orbit-length partition for the 2-set resolvent).

Tables 3 and 4 summarize how to distinguish the 50 degree 8 groups. For each
group G, we indicate orbit-length partitions for a set ¥ of resolvent polynomials.
If H is another group, of the same parity as G, such that G and H have the
same orbit-length partition for each resolvent in X, then G and H have the same
partition for all resolvents. Moreover, no proper subset of ¥ has this property; X is
minimal. The tables also show whether it is necessary to find the Galois groups of

resolvent factors or factor them over k(v/A).
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Group

Orbit-Length Partition

Galois Groups of

(G C Ag) 2 3 4 2 Resolvent Factors
set set set seq (see Table 2)

(Zo x Zo)t | 4382 | &

(23)+ 47

Df 4°8

QF 4,83 87

G- 4382 | 83162

G £16 | 8%162

G, 4,8 | 83162

SL(2,3)" | 4,24 | 8,242

(Zy x Ay)* 2,628, 24* Needed

Sf 2,628, 12224

Gha 8332

G 8,16, 32 Needed

G, 4,8,16 | 8332

Gy 4,8 | 8332

Table 3: Distinguishing degree 8 Galois groups - G C Ag
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Group Orbit-Length Partition Galois Groups of

(G C Asg) 2 |3 4 2 Resolvent Factors
set | set set seq (see Table 2)

(Zy x Sy)t 2,678, 24* Needed

(28.Z)F 14, 56 Needed

Gy 8,16,32 Needed

Gisa 8,48 Needed

Gio 2,12,24, 32 Needed

G 2,12%32

(28.(Z7.23))" 14, 56 Needed

L(2,7)* 14242

Glo2a 8,48 Needed

Gloo 2,12,24, 32 Needed

Gss 2,32,36 Needed

G 2,32,36 Needed

(23.L(3,2))" 14,56 Needed

Af 70

Table 3: (continued) Distinguishing degree 8 Galois groups - G C Ag
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Group Orbit-Length Partition Factorization | Galois Groups of

(G € Ag) 2 3 4 2 over k(v/A) | Resolvent Factors
set set set seq (see Table 1) (see Table 2)

Zs 87

Gi6a 4,83 83162

Giep 83162

Groe 4816 | 83162 8,16

G324 8,163

Gz 4,8,16 8332 Needed

G3o¢ 8332

G324 4,8 8332 Needed

Gas 4,24 | 8,24

Gota 8,16, 32 816,32 | Needed

Gl 4,8,16 | 8332 Needed

Geae 8,16, 32 8,16, 32 Needed

Gead 8,16, 32 8,16, 32 Needed

Gose 4,8 8332 Needed

G1as 8,16, 32 8,16, 32 Needed

G924 24,32 Needed

G199 24,32 Needed

PGL(2,7) 28, 42

G384 24,32 Needed

Gsre 12,16 Needed

G152 12,16 Needed

Ss 70

Table 4: Distinguishing degree 8 Galois groups - G € Ag
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3 An Implementation of the Degree 8 Algorithm

The algorithm of the previous section has been implemented in the MAPLE V [CGG]
language. The current program extends MAPLE code written by Ron Sommeling
to find Galois groups of rational polynomials of degree up to 7 using the ideas out-
lined in [SM]. The polynomials (of all degrees up to 8) may now be defined over a
function field of the form Q(ty,...,t,) where ti,...,t, are transcendental over Q.

We describe some aspects of the implementation.

3.1 Discriminant and Shapes. Expressing the algorithm in a symbolic algebra
language such as MAPLE is straightforward. For example, discrim(f,z) finds the
discriminant of a polynomial f(z). The command Factor(f) mod p, which factors f
over F,, (for p prime), can be used to generate shapes. According to Corollary 1.3.8,
we can find shapes in Gal(f) by factoring f modulo maximal ideals. We use ideals
in Z[ty,...,t,] of the form p = (p,t;1 — a1,...,t, —a,) where p,ay,...,a, € Z and
p is prime. Then Z[ty,...,t,]/p = Zp is a field and so p is maximal. To factor
f € Q(ty,...,t.) modulo p we first ‘specialize’ f to f* € Z[x] by substituting a;
for ¢; and then factor f* mod p. In particular, if the base field is Q, we simply
factor mod p.

However, in order to apply the proposition, we must ensure that f has no re-
peated roots in Z[ty,...,t.]/p. Consequently, we do not attempt to factor f mod
p if the discriminant or leading coefficient of f is zero modulo p.

Although generating shapes is rather easy, they will not determine Gal(f) unless
it is Ag or Sg. The question then arises as to how many shapes should be generated
before moving on to other techniques. In our program, we continue generating shapes

until the following three conditions all obtain.
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e The set C of candidate Galois groups remains stable after computing shapes

for 16 consecutive primes.

e C contains an element 7 such that >, C ¥, for all ¢ in C' where ¥, is the set

of shapes of c.
e All shapes of v have been observed.

The first condition is motivated by the Cebotarev density theorem. Let ¥¢ be
the set of shapes occurring in group G. If G; and G5 are degree 8 groups of similar
parity such that Y, is a proper subset of Xs,, then the elements with shapes in
Y15 = g, \ B¢, make up at least 1/16th of G. So, by Cebotarev’s theorem, if
Gal(f) = G2, we expect a shape in 35 to occur amongst the 16 consecutive primes
and hence allow us to eliminate G; as a candidate.

The advantage of the second condition is clear; if there is no minimal group,
then, continuing, we will eventually be able to eliminate some candidates when we
find a shape they lack. The third condition gives us further confidence that v is in
fact the Galois group and therefore there is nothing to be gained by generating more
shapes. (If Xgyp) C X¢, then we can never eliminate G as a candidate by testing
shapes.) Note however that we needn’t explicitly demonstrate all shapes of v (by
factoring modulo maximal ideals); if we find a shape corresponding to the element
x, then we know that the shapes of all powers of z will also occur.

As further evidence for the validity of our stopping criteria, we note that, with
one single exception, ¥, = Xgu(s), for the polynomials of Tables 6 and 7. The
exceptional case is f = 2% — 2% — 322 + 4 (Gal(f) = G5, ). In order to select the
correct 7 in this case, we would need to extend the first condition to require stability

under 26 consecutive primes.
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3.2 Construction of Resolvents. The r-set (r = 2,3,4) resolvents may be
constructed as having roots which are either the sum or the product of r-sets of
roots of the original polynomial. Casperson and McKay [CM1] have demonstrated
efficient methods for both of these cases. It appears to be faster to construct the

resolvent using products. For example, on a SPARC station 2, the 3-set resolvent of
f=a® 4+ 142° + To* — 142° + 40 + 14

(Gal(f) = (23.L(3,2))") was constructed in two ways. Using sums of roots took 20
seconds of CPU while products required less than 3 seconds. On the other hand,
products tend to give a polynomial with larger coefficients since the roots of the
resolvent are of homogeneous weight r in the roots of the original polynomial as
opposed to weight one in the case of sums. Such a polynomial is therefore more
difficult to factor. In the case of the resolvents just mentioned, it took twice as long
to factor the products polynomial as compared to the sums polynomial; 15 versus 8
seconds of CPU. For the 2-set and 3-set resolvents we use the product construction.

To construct the 4-set polynomial of a degree 8 polynomial f, we make use of
the following observation of Soicher and McKay [SM]: When R(F, f) is a resolvent
such that F7 = —F for some o € S,, (n=09f), then R(F?, f)(z*) = R(F, f)(z). In
particular, let

F:x1+x2+x3+x4—x5—x6—x7—x8

(so that R(F?, f) is the 4-diff resolvent of Table 2). By making an appropriate
Tschirnhaus transformation we can ensure that the sum of the roots of f is 0.
But then we see that R(F, f) is the 4, -set resolvent. (Actually the roots have been
doubled, but this is again just a Tschirnhaus transformation.) So by constructing the
4, -set resolvent in this way, we find that we have in fact constructed R(F?, f)(z?).

To factor the resolvent, we first factor R(F?, f)(xz). This polynomial has half

the degree of the 4, -set resolvent and therefore is much easier to factor. This gives

35



a partial factorization of R(F?, f)(z?) or, equivalently, the 4, -set resolvent. By
examining the possible orbit-length partitions which may arise under a degree 8
transitive group (see Table 12), we see that the only factors of the 4, -set resolvent
which may be further reduced after the initial partial factorization, are those of
degree 16, 32 and 48. To complete the factorization, we factor any factors of these
degrees.

The method used to construct the 2-sequence resolvent is similar to that out-
lined by Casperson and McKay [CM1] for the r-set resolvents. We represent the
2-sequence resolvent as Ros = R(z + 29, f). To construct Rag, it suffices to
demonstrate how the power-sum symmetric functions of Ry, depend on those of
f; the coefficients of a polynomial are simply related to these symmetric functions

(see [CM1]). For f a polynomial of degree n with roots ay,...,q, let

Proposition 3.2.1

ko[ k
Pi(Ras) = > 2" (Pi(f)Pri(f) = Pr(f)), k=1

i=0 7

Proof. Let aq,...,ag be the roots of f. The roots of Ry, are then
{ovi + 20 # 5,1 <'i,j <8}. So,

8 8
Pi(Ras) = > > (a; +2a;)"
=1 jtig=1

36



I
™=
B2,
g
S
]
o)
T
g
Q
=

N

Il
=)
~
-

I
—
-

I
—
-

I
—

I
[~
he,

~
Il

o

—~

(Pu(f)Pra(f) — Prlf))

3.3 Factorization over k’(\/ﬁ) . To distinguish between certain groups not con-
tained in Ag, we use factorization over k(v/A), where A is the discriminant of the
input polynomial f. We can avoid working over an extension field using a technique
of Soicher [S1, p.31]. To see whether the polynomial ¢ is irreducible over k(v/A),
we construct the polynomial ga with roots §; £ v/A where the 3; run through the
roots of g (so dga = 20g). Then ga € k[z] and ¢ is irreducible over k(v/A) iff ga

is irreducible over k. The polynomial ga may be constructed as a resultant:

ga(y) = resultant,(g(z), (z — y)* — A)

It is convenient to use ¢, the square-free part of A, in place of A in the construction;
the polynomial gs is irreducible iff g is irreducible and the former will have smaller

coeflicients and hence be easier to factor.

3.4 Distinguishing Gigo,, G192 and Gsgq. In the current implementation, to
improve performance, we use methods slightly different from those outlined above
to distinguish among G1igo,, G2 and Ggq. As indicated in Table 2, these groups
may be identified by finding the Galois group of the degree 8 factor g of the 4-diff
resolvent. For example, if we have narrowed the list of candidates for Gal(f) down
to Giooa and Gsgy then we know that Gal(g) is either Ggy, or Gigy. Again, by

referring to Table 2 we see that Gal(g) is determined by the Galois group of h, the
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degree 6 factor of the 4-diff resolvent of g; the process of finding the Galois group
of a resolvent factor is repeated.

We can avoid repeated construction of Galois groups of resolvent factors as fol-
lows. First Gigo, may be identified by finding the Galois group of g, the degree
4 factor of the 2-set resolvent. If Gal(f) = Gigaa then Gal(g) = A4. Otherwise,
Gal(g) = S;. To distinguish between Gigo, and Gzgy we use the degree 6 factor of
the 4-set resolvent. This polynomial, g, can also be constructed as the 2-set resol-
vent of the degree 4 factor of the 2-set resolvent of f (and this is faster unless the
4-set resolvent is already available from previous calculations since the degrees of
the resolvents used are smaller). The 3-set resolvent of ¢ has an irreducible factor
h of degree 12. If Gal(f) = G1gay (respectively Ggsyq), then h factors (respectively is
irreducible) over k(v/A), where A is the discriminant of f.
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4 Avenues for Further Exploration

In Table 5 we give some statistics on the CPU use of the implementation discussed
in the previous section. In particular, we have included data on the time spent
factoring polynomials and testing polynomials for imprimitivity.

The imprimitivity algorithm (see Section 1.4) tests pairs of roots in an effort
to construct a decomposition f | goh. The algorithm will only be able to find
such a decomposition if the pair is in the same block of imprimitivity. Hence, the
performance of the algorithm depends on which root pairs are examined. In the
tables we have indicated statistics for the best case, in which the first pair of roots
tested yields a decomposition, and the worst case, in which as many bad choices of
root pairs as possible is made before hitting on one which yields a decomposition.
(If there is a system of imprimitivity with blocks of size m, then we can be sure
that a pair in the same block occurs amongst the first n — m + 1 pairs. However,
since the algorithm sometimes misses decompositions, the worst case may be to
unsuccessfully test all 7 pairs even when the polynomial is imprimitive.) The data
for the polynomial factorization is taken with respect to the best case.

In the worst case, polynomial factorization and the imprimitivity algorithm ac-
count for 74% of the CPU used in calculating the fifty Galois groups. Even in the
best case, the percentage is 58%. Improving either of the two processes would be a

good way to improve our algorithm.

4.1 Improving Polynomial Factorization. There are several ways in which
we may speed up polynomial factorization. By finding shapes in the Galois group,
we have a good idea of what it is before we examine resolvents. As Casperson and
McKay [CM1] have discussed, we can use this knowledge to construct factors of the

resolvent.
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Group CPU Used Polynomial Imprimitivity
(seconds)  Factorization (%) Algorithm (%)

Best  Worst Best Worst

Zs 10.3  40.7 28.1 38.7 84.3
(Zo x Zy)t  46.5  105.7 66.5 23.2 66.2
(23)F 89 377 58.5 15.3 80.0
Df 13.3 13.3 10.7 70.6 70.6
g 584  86.1 83.8 2.3 33.7
G16a 5.2 61.2 18.1 35.5 94.5
Giep 13.7 426 44.2 10.4 71.3
G16e 183  67.1 51.9 10.6 75.6
G 43.8 526 6.2 88.2 90.2
Gls 50.9 113.8 80.6 4.3 57.2
GTs. 73.2 829 87.5 2.4 13.8
SL(2,3)" 96.5 625.9 87.5 2.5 85.0
(Zy x Ay)T 276 99.9 8.5 79.6 94.4
Si 292.2  369.1 7.9 5.7 254
G324 78.5 143.0 86.0 3.5 47.0
G3o 22.8 1476 51.5 9.3 86.0
Gac 16.6  45.0 27.8 18.7 70.0

Table 5: Statistics on CPU usage and percentage of time spent factoring polynomials
and testing them for imprimitivity - Data from a MAPLE V implementation run on

a SPARC station 2 using polynomials of Tables 6 and 7 as input
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Group CPU Used Polynomial Imprimitivity
(seconds)  Factorization (%) Algorithm (%)

Best  Worst Best Worst

G, 205.7 2485 89.4 6.3 22.5
G 34.0  70.0 43.6 41.8 71.8
G 1479  267.6 56.1 37.9 65.7
G324 32.1 32.1 29.0 60.4 60.4
G 169.8  288.5 55.5 38.9 64.0
Gas 116.5  295.5 91.7 1.7 61.2
(Zy x SO 216 92.0 11.9 76.3 94.4
(28.Z;)F 2278 227.8 3.9 0.0 0.0
Gé4a 10.0 10.0 41.5 15.9 15.9
G 32.0 91.6 01.1 24.6 73.6
Geae 14.1 86.5 13.1 63.8 94.1
G, 35.1  90.8 34.1 50.1 80.7
Géad 434.6  499.1 85.0 12.6 23.9
Gose 15.8 15.8 39.2 34.5 34.5
Gasa 69.3 1694 83.1 3.4 60.5
Ga 238.3  238.3 7.5 31.2 31.2
Gge 389.6  389.6 9.0 30.6 30.6

Table 5: (continued)
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Group CPU Used Polynomial Imprimitivity
(seconds)  Factorization (%) Algorithm (%)

Best Worst Best Worst
Gz 23.1  71.2 8.3 77.8 92.8
(23.(Z7.Z3))t 216.6 216.6 8.6 0.0 0.0
L(2,7)* 221.7  221.7 8.3 0.0 0.0
G192a 102 958 45.0 25.0 92.0
Gilooa 41  86.5 3.6 58.5 98.0
G1o2 151 91.1 45.5 15.1 85.9
Gl 289.1  289.1 3.7 71.3 71.3
Giss 131.9 131.9 4.7 80.6 80.6
PGL(2,7) 218.3 218.3 3.7 0.0 0.0
Giass 3.7 972 2.3 69.1 98.8
G 21.6 129.4 1.3 92.5 98.8
Gs7e 31.9  100.3 19.5 71.1 91.4
G110 21.1  96.1 0.5 94.6 98.8
(23.L(3,2))" 101.1 101.1 4.4 0.0 0.0
Af 0.6 0.6 16.7 0.0 0.0
Sg 0.6 0.6 24.3 0.0 0.0

Table 5: (continued)
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It is often not necessary to find a complete factorization of the resolvent polyno-
mial. For example, if we are going to distinguish groups by forming the Galois group
of a certain factor of the resolvent, it suffices to find that factor. Some symbolic alge-
bra programs have factorization routines which only look for factors of given degree
(e.g. PARI [BBCO]). MAPLE V does not.

The most time consuming part of the standard Zassenhaus [Z] factorization al-
gorithm is recombination of modular factors after Hensel lifting; in the absence of
other information it is necessary to try multiplying all possible combinations of the
modular factors together and testing if the result is a factor of the original polyno-
mial. But since we know what orbit-length partitions may occur, we can speed this
up by rejecting those combinations of modular factors whose degree is inconsistent
with any of the possible partitions.

Moreover, because our resolvents are derived from degree 8 polynomials, their
modular factors will be relatively small. Note that the elements of largest order
which occur amongst the degree 8 Galois groups have order 15, corresponding to the
shape 3,5. Since the factors of resolvents have Galois groups which are quotients
of the original degree 8 group (see Proposition 1.5.10), these groups will also have
elements of order not exceeding 15. But then, since the factorization of the resolvent
factor modulo a prime represents the shape of an element in the Galois group, we
see that the modular factors can never exceed degree 15.

So the Zassenhaus method is a poor choice for the situation of factoring resolvents
derived from degree 8 polynomials; there will be many modular factors of relatively
small degree (< 15) to be recombined. It may be worthwhile to investigate other
approaches to polynomial factorization such as that proposed by Lenstra, Lenstra
and Lovész [LLL]. Unlike the Zassenhaus algorithm, which is exponential in the
worst case, the LLL algorithm is polynomial.

The LLL algorithm begins with a low-degree factor h € Z,)[z| (where Z, is the
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p-adic integers) of f with coefficients accurate modulo ¢ = p™ (for m ‘sufficiently’
large). Such a factor may be found using Berlekamp’s algorithm with Hensel lifting.

From h, we construct the Z-lattice
g qr, gz, ... qz" " h(x), zh(z), 2 h(z), ... 2" F h(x)

where n = 0f, k = Oh. If h | hy for hy € Z[z], then hy is in the lattice. If hg
divides f, then the coefficients of hy are relatively small. So finding hg corresponds
to looking for a short vector in the lattice. This process is repeated to generate all

irreducible factors of f.

4.2 Improving the Imprimitivity Algorithm. There is also some possibility
of making better use of the imprimitivity algorithm of Casperson and McKay [CM2].
It would be useful to get a bound on the coefficients of h. In particular, we have a
bound if we know f = goh so conditions under which f | goh implies f = goh are
worth investigating. If such a bound were available, then we could be sure that if no
decomposition f | goh is found (with coefficients of h less than the bound), then
none exists. Such a negative result could be used to prove primitivity. We could
also test for the different block sizes; given a bound for the coefficients of A, the
imprimitivity algorithm is definitive.

In our implementation, the use of the LLL algorithm to find the Z-linear de-
pendence determining the coefficients of h (see Section 1.4) accounts for most of
the CPU used in testing imprimitivity. For example, in the worst case of Table 5
(Gal(f) = SL(2,3)"), the imprimitivity algorithm uses 532 CPU seconds; 83% of
this time is consumed by the LLL algorithm. So efficiency of the algorithm depends
on a good implementation of LLL.

We compared the MAPLE V [CGG] and PARI 1.36 [BBCO] implementations
of LLL on a SUN 3/50 for the case of SL(2,3)*. In PARI, LLL takes 10 seconds
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of CPU if real arithmetic is used, and 1500 seconds for rational arithmetic. Al-
though the two versions came up with the same result in this case, in general, the
real arithmetic version is ‘numerically unstable’ (see [BBCO, p.30]). The MAPLE
implementation requires 2040 seconds of CPU and uses rational arithmetic.

LLL is used for basis reduction in a lattice generated by differences of powers of a
pair of roots (see Section 1.4). The vectors used in the computation become smaller
when a pair of real roots are used since these differences are then real (we may drop
the imaginary component of the vector). So the calculation will be faster for pairs
of real roots. It may be advantageous to first test all real pairs before proceeding to
any imaginary roots.

It is evident from the data in the tables that the worst case for the imprimitivity
algorithm can be much worse than the best case. Over the 50 groups, the percentage
of time used increases from 23% to 50%. So it would be useful to develop a means of
quickly testing whether a given pair of roots might lead to a decomposition; one can
waste a lot of time trying to get a decomposition from a pair of roots which are not
in the same block of imprimitivity and hence can never result in a decomposition.
Even a test which sometimes labels good pairs as bad may be worthwhile; a big
saving of time in the worst case scenario might be worth a small increase in the best
case. In any event, we do not rely on imprimitivity to identify the groups so it is
not critical if we lose some accuracy in exchange for speeding the algorithm up.

A decomposition f | goh also gives information about certain subfields of the
splitting field of f. Let f be an imprimitive polynomial of degree n with splitting
field K such that the roots {a,..., o} are representatives of the [ blocks of im-
primitivity. Then each (§; = h(a;) is a root of g. Let H C Galy(f) be the subgroup

of automorphisms which fix the blocks. Then H fixes each ; and consequently, by
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the fundamental theorem of Galois theory,

K" = E(B1) = k(B2) = ... = k(B)-

So the decomposition f | goh implies the existence of a field k(3) such that
k(B) : K] = 1.

If the “improper” decompositions of the set of roots into one block of size n and
n blocks of size one are included, then the systems of imprimitivity of a group define
a lattice L. To each system of imprimitivity with [ blocks we may associate a field
k(B) with [k(5) : k] = [. The lattice operations then correspond to the intersection
and compositum of the corresponding fields. In this way L determines part of the
lattice of subfields of K over k. But L is an invariant of Gali(f) and so the resulting
subfield structure may also be used to help identify the Galois group.

4.3 Small Degree Resolvents. Another means of potentially improving our
technique arises from the idea of a polynomial belonging to a group (see Defini-
tion 2.1.1). It is not difficult to see that every group G C S, has a polynomial
belonging to it. For example let F*(z1,...,7,) = xiz3,...,2". Then Y, .co(F*)
belongs to G'. Generally there are many polynomials belonging to a given group G.

If F belongs to G, then OR(F, f) = |S, : G|. This gives us a method for con-
structing new resolvents of small degree; find a large subgroup and take a polynomial
belonging to it. For example, a resolvent associated with (23.L(3,2))" has degree
|Ss @ (23.L(3,2))"] = 30. In Appendix C we show how such a resolvent can be used
to distinguish Gigg from Gizg.

There remains however the question of how to construct these resolvents. If
k = Q, we could use complex approximations to the roots. But, as mentioned in

Section 2.1.1, there are certain disadvantages to this approach. It is preferable to

take advantage of the coefficients of the resolvent being polynomials in the coeffi-
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cients of f (see Section 1.5). Although we know of no easy way to find these poly-
nomials, it is worth noting that we need only to do it once; once we have expressed
the coefficients of the resolvent in terms of those of f, constructing the resolvent is
simply a matter of evaluating the polynomials.

As mentioned, one bottleneck in our method lies in factoring the r-set and
2-sequence resolvents. The degrees of these resolvents increase with 0f so that they
are more difficult to factor; consequently, using polynomials belonging to groups to

generate small degree resolvents becomes more attractive as df increases.

47



A Rational Polynomials With Given Galois Groups

Tables 6 and 7 give, for each transitive subgroup G of Sg, a rational polynomial
f such that Galg(f) = G. In the tables, (; denotes a primitive kth root of unity.
Many of these polynomials were suggested to us in earlier work by Darmon [D]. In
Section A.2 we indicate how they were derived. Examples for SL(2,3)", L(2,7)*
and PGL(2,7) are drawn from [HK] and [M]. In [S2], Soicher gives a polynomial
for (2%.L(3,2))" and mentions that the same method may be used for (2°.Z;)* and
(23.(Z7.Z3))". We discuss this method and how it may be extended to derive poly-
nomials for Ggg and Ggg. in Section A.3. The remaining polynomials were found
by computer searching. We were guided in our searches by Soicher [S1, pp.85-87|. In

particular, we used his ideas for generating polynomials with square discriminant.
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Group f(x) Remarks
(G C Ag)
(Zy x Z4)* 28+ 22 4 42* + 822 + 16 spl(f) = Q(&,v2) D]
(2%)* 2% —122° 4+ 232 — 1222+ 1 | spl(f) = Q(v2,v3,V5) [D]
Dy 2%+ 425 + 8zt + 4a? + 1 spl(f) = spl(x? — 4) [D]
5 28 — 2425 + 1442* — 28822 + 144 | spl(f) =
Q(V2,v3,\/(2+ v2)(3+ V3)) [D]
Gloa 2% — 102 + 1 f=TI(r £y+£v2+3) D]
Gla 28 — 3% + 92* — 1222 + 16 f=T1I=1(2? — x — 2) D]
Glse % — 18z 49 spl(f) = normal closure of
Q(/12 + 7v/6 + 12v2 + 7V/3) [D]
SL(2,3)* 28 + 925 + 232% + 1422 + 1 [HK]
(Zy x Ay)* a¥ + 24z + 642% + 144 spl(f) = Q(rts(x* 4+ 8z + 12), 1)
S5 2% + 150z — 50022 + 5625 spl(f) = spl(x* + 2z + 3)
e 28 +822+9
G 28 — 425 + 1221 — 822 + 4 (D]
G 28 4+ 425 + 2t — 622 + 1 f=(@*+1)=5(x*+1)2+5 [D]
Gy 28 — 28z* + 100 f=TI(z% — (£2v3 £ v2)) [D]

Table 6: Rational polynomials with degree 8 Galois groups - G C Ag
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Group f(x) Remarks
(G C Ag)
(Zy x Sy)F 2% —42? + 4
(23.Z7)" 28 — 2" + 2208 + 225 + T2t See accompanying text
+32% 4+ 42 4+ 32 +5
G 28+ 425 + 7ot + 622 4 4 Gal(z* + 423 + T2* + 62 + 4) = D, [D]
Gasa 2% — 28 — 322 + 4
Go 2% — 42" — 820 + 2425 + 362 See text
—24x3 — 482% + 48z — 12
Gase 28 — 628 — 42 + 242* — 2822 4+ 18 | See text
(23.(Z7.Z3))" | 2% + 227 + 2825 + 845 + 2242t | See text
+39223 — 3367 + 112
L2,7)" 28+ 227 + 2845 + 17282 + 3456 | [M]
Gloza 2+ 1% +1
Gl 28 + 162" + 162° + 8
Giss 28+ 72 + 82349
G 28 — 825 — 82° + 8
(25.L(3,2))" | 2%+ 1425 + 7z — 142 + 4o + 14 | [S2]

Af

28 + 823 + 10

Table 6: (continued) Rational polynomials with degree 8 Galois groups - G C Ag
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Group f(zx) Remarks

(G Z As)

Zs 2% — 682° 4+ 9182 — 61222 + 17 | spl(f) = Q(¢i7 + ¢i7') [D]

G164 2% — 8zt — 2 f=(z* — (2Y4 + 23/4)2)x
(a* + (2% — 2%)?) [D]

G 2% — 202° + 1002" — 16022 + 80 | f = [Tyez, (2* — ol + 2\/a/2 + 2\/5/2))
a=5++5,8=5-+5[D]

Glie 2% — 2 [D]

G324 z® — 162 — 98 f=(a*— (2" +2(2)*)?) %
(a* + 2V = 2(2)*/*)%) [D]

Gz 8 =5zt +5 Gal(z* — 522 +5) = Z4 [D]

Gsoc 28+ 22% 4 2

G324 28+ 82% + 31zt + 6022 +45 | f= (2 +2)* + T(2? +2)? + 4 [D]

Gus % — 4422 — 44

Gé4a 2+ at+2 Gal(z* + z* + 2) = Dy [D]

Goap 28 +42% + 102 + 1222 +7 | Gal(x? + 423 + 1022 + 122 + 7) = Z4 [D]

Table 7: Rational polynomials with degree 8 Galois groups - G € Ag
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Group f(x) Remarks
(G Z As)
Goae 28 + 42°% + 821 + 82% + 2 | Gal(z* + 423 + 82% + 8x + 2) = D, [D]
Gead x® — 425 + 42* — 2
Goae 28+ 42% + T2t + 62% + 6 | Gal(x? + 423 + T2? + 62 + 6) = V" [D]
Giog 28 + 425 + 7ot + 622 + 5 | Gal(z* + 42% + T2* + 62 + 5) = D, [D]
G192a 28 + 827 + 12
G192 28+ 1222 -9
PGL(2,7) | a®+4a"+T2%+2+1 | [M]
Gasa 2+ 2242
Gsre 28 — 428 4 2t — 423
+22% 4 42 + 2
G112 a8+ 425 + 8
Sy B4z +2

Table 7: (continued) Rational polynomials with degree 8 Galois groups - G Z Asg
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A.1 Polynomials of the form f(2?). Notice that if f = f(z?) then Gal(f)
has a system of imprimitivity with blocks of size 2 (see Section 1.4). Conversely,
given f such that Gal(f) is imprimitive with blocks of size 2, we can construct f
with Gal(f) = Gal(f) and such that f = f(22). For let f be such a polynomial,
df = 2n. Then by Proposition 1.4.2 there are g and h such that f | goh
with ¢ irreducible and dg = n. Roots o; and «; of f are in the same block iff
h(ci) = h(cy) (see proof of Proposition 1.4.2). We may order the roots such that
h(OéQz‘) = h(azi—l).
Let
f = f[l(l"z - (Oé2i - a?i—l)z)-

(If f is reducible, apply a Tschirnhaus transformation to the original f. Alterna-
tively, choose [ € k[z] and let v; = (g — cvgi—1)l(h(a;)). Then f = [T, (2% — 42)
will also work provided it is irreducible.)

Evidently f = f(z?) and spl(f) C spl(f). By the fundamental theorem of Galois

theory (see also Proposition 1.5.10), Gal(f) is a representation of Gal(f) acting on

rts(f) = {f£(og — agiq) |i=1,...,n}.

It suffices to show that the representation is faithful. Suppose a o € Gal(f) acts as
the identity on 7ts(f). Since f is constructed to be irreducible and char(k) = 0, the
roots are distinct. Hence o fixes each of the blocks. On the other hand o also fixes
the two elements within each block for otherwise it interchanges the roots ag; —aig; 1
and aog;_1 — ay; of f . Thus o is the identity of Gal(f) and the representation is
faithful.

Note that f may also be constructed as a resultant. Let 3, = h(a;) be a root

of g. Let ¢ be the minimal polynomial of a; over k(3;). Then
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9¢ = [k(a) = k()]
= [k(an) : K]/ [k(B) : K]
= 0f/0yg
= 2n/n =2

Since 1 = h(a1) = h(ay), the roots a1 and ay of f are conjugate over k((3;). Of
course « is one root of ¢; the other must be as. Hence the discriminant of ¢ is
Ay = (g — an)?. Since Ay € k(f1), it may be written as a function of 3; and we
can construct the resultant
resultant s, (z° — Aé,g(ﬁl)) =f= H(a:2 — (o — agi_1)?).
i=1

(Again, if the resultant is reducible, apply a Tschirnhaus transformation to f.)

For each of the 36 degree 8 groups with a system of imprimitivity consisting of
blocks of size 2 the example in the tables is of the form f(2?). The remarks for these

examples indicate other methods for obtaining polynomials of the form f = f(z?).

A.2 Additional Remarks on the Derivation of the Polynomials. We have
given some indication of the derivation of the polynomials in remarks in the tables.

However, more details are in order in several cases:

(Z2 X Z4)+

Let g be the polynomial with roots ¢f + /2, i = 1,...,4. The example f
of Table 6 is derived from ¢ via the smallpolred command of PARI [BBCO].
(This command performs Tschirnhaus transformations on a polynomial in an
attempt to find a new polynomial with smaller coefficients and the same split-

ting field.)

o4



(2%)*
Let g =T1I(z £ V2++3+ \/3) The example f of Table 6 is derived from g
using smallpolred.

Df
Note that Gal(z* — 2) = D4. Hence, R(z; + 2z9,2% — 2) (the 2-sequence

resolvent) has a factor g of degree 8. The example f of Table 6 is derived
from g by smallpolred.

f=T+ 2+ V2B V3)
Gii_Ga
With the generators of Table 10, G5, acts on the system
{G,i+4))i=1,... 4}
as the Klein Vierergruppe V. Therefore, an extension of Q(v/2,/3) was
sought. The extension Q(v/2,v/3,1,1/v/2 + v/3) has degree 16.
Gy
Since Gy, acts as Z4 on the system of imprimitivity {(12), (34), (56), (78)},
we are lead to an extension of Q((s).
Gii_ﬁc

Since G7g. acts as Vj on its system of imprimitivity, we seek an extension of

Q(v/2,/3). The normal closure of Q(\/l? 4+ 7v/6 + 12¢/2 4 7/3) has degree
16. The polynomial f given in Table 6 is derived by smallpolred from

9= 11 (22 — o (12 4+ 7V6 + 12V2 + TV3)).

0€G(Q(vV2,V3)/Q)
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(ZQ X .A4)+

The polynomial has roots {ai, —«ila € rts(x? + 8x 4+ 12)}. Note that the
Galois group of z* + 8x + 12 is Ajy.

Let g = 2 + 2z + 3. Then Gal(g) = S, and ¢ has discriminant A = 5(36)2.
The polynomial f of Table 6 has roots {£v5a | a € 7ts(g)}.

+
Gea
Let aq,...,ag be the roots of f with a? = a3, a3 = a3, a2 = o2 and o = .

Let B;=0a?,i=1,...,4. Let
™ = (&2053 + 051044)(CY5047 + 046048)
Ty = (agay + o) (asar + agas)
T3 = (046067 + @50[8)(041053 + CYQOQL)
71 = ( ) )

506 + arag) (s + ooy

Then using the representation given by Table 10, Gd, acts as Dy on the 3

and as V; on the 7;.

Zs

Let g be the polynomial with roots (i, + (7, i = 1,...,8 (so that Gal(g) =

Zs). The 3 -set resolvent of g has a factor
h(z) = 2% + 42" — 1025 — 442° — 22* + 7423 + 6127 + 162 + 1.

The polynomial of Table 7 is 256A((x — 1)/2).
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Glﬁa

For the polynomial with roots :I:\/:I:(a21/4 + b23/4) :I:\/:I:(ai21/4 — bi23/4) let
81, 6y be the roots vVa2l/4 + b23/4 and vai2l/4 — bi23/4. Then

5152 = \/%\4/5\/ a? — 2b?
= ((1+1)/V2)V2Va? =20

So, we want to choose a,b such that /a2 —2b2 € Q(i,v/2). The polynomial

in the table corresponds to the choice a =b=1.

Giep

Note that G(Q((5)/Q) = Zy. But Q(¢s) = Q(\/5++/5). This explains how
o €7y acts on a+2,/a/2+2,/3/2 (a,8=5+/5).

Gch

See G, above. For this polynomial we take a = 1,b = 0.

G32a

Similar to Gig, above. In this case we choose a,b such that a? — 2b? is not
a square in spl(z? — 2). The example given corresponds to the choice a = 1,

b=2.

G32b

Note that Gsa acts as Z, on its 2% system of imprimitivity. The polynomial
28 — 52" 45 is a good candidate since Gal(z* — 52% 4+ 5) = Z4 and the product
of its roots is a square in Q(v/5) = Q(v/A) (A is the discriminant).

G64a7 G64b7 G6467 G6487 G128

For these groups we again use the 3; and 7; defined for G¢; above.
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Group Action on 3; Action on 7;

Gé4a Dy D,
Goap Z, D,
Goac D, Zy
Goae Vi Dy
Gos Dy Dy

A.3 Generalizations of Soicher’s Method for (2°.L(3,2))". We begin by re-
peating Soicher’s [S2] construction of a polynomial with Galois group (23.L(3,2))".
Let f=a"—723+ 142> —7x+1 (Gal(f) = L(3,2)"). Under an appropriate labelling

of the roots ay,...,a; of f,
Gal(f) =<(1,2,3,4,5,6,7),(1,3)(4,5)> .

Taking h(z) = f(x?) we may label the roots (3i,...,014 of h such that [y = ail/z
and 522'_1 = —ﬁgi (Z = 17 ey 7) Then, H= g(ll(h) =< A, B, C>= 27L(3, 2) where

A=(1,3,5,7,9,11,13)(2,4,6,8,10,12,14),

B =(1,5)(2,7)(7,9)(8,10), C = (1,2).

Let K =<A,B,D,E>=2%1(3,2) be the subgroup of H with generators A, B
as above and

D = (1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13, 14),
E = (1,2)(7,8)(11,12)(13, 14).
Then, if we define
v =Y BoifajBorBuli, 4, k1 € {1,4,6, 7190

= Bo)B24)B2(6)B2(7) + B2(1)Ba(2)Ba(3)B2(6) + Bo(1)B22)B2(5)B2(7) + B2(1)Ba(3)Ba(a) Bas)

+ Ba2)B2(3) B24)Ba(7y + B22)B204)B2(5)B2(6) + B2(3)52(5) B2(6) B2(7),
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we see that staby(v) = K.
The images of 7 under H are ; = v*~52) (7 =1,...,7) and 75 = 7. So using
high-precision approximations to the roots of f, we may construct
8
t(z) = H(ﬂﬁ = %)
and it follows from the method of construction that
Gal(t) = H/( () PT'KP) = (2°.L(3,2))".
PeH
The polynomials for (23.Z;)* and (23.(Z7.Z3))" may be generated in exactly
the same way except that we begin with polynomials f such that Gal(f) = Z7 and
Z,.Z3 respectively. For (23.Z7)" we take

f=a"—132° — 272° + 299" — 8323 — 1132% — 62 + 1
and label the roots as
ayp ~ —4.98, as = —0.14, ag ~ —0.43, a4 =~ 0.07,

as ~ 0.84, ag ~ 4.25, a7 ~ 13.4.

(Although Soicher relates his root labelling to a specific permutation representation
of (23.L(3,2))", we found it easier to simply experiment with different labellings
until we find one which results in integer coefficients for ¢(z). Once we have t(x),
we can check that Gal(t) = (23.Z7)" using the algorithm of Section 2.2.) We find
that

u(z) = t(21)/256 = 2® + 342° 4+ 122° + 405" — 4022* — 9122% + 721z + 2063.

The polynomial reported in Table 6 is derived from w by the smallpolred command

of PARI
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In the case of (23.(Z.Z3))", we use
f=a"—282° + 2242 — 448z + 192
with roots
ay & 3.76, g = 341, az ~ 1.29, ay = —2.16,
as ~ 0.48, ag ~ —2.80, ar =~ —3.98.

Then,
u(z) = t(4x) /4% = 2® + 2825 + 1122° 4 2942* + 15682° + 45082% + 5968z + 21553.

The polynomial given in the tables is constructed from w by smallpolred.

We may use a similar technique to find polynomials for Ggg, and Ggg.. Let us
begin with Ggg,. This group can be written as 23.4,. If we notice that Gige, =
2%. Ay, then, in analogy with the (23.L(3,2))" case, we are led to look for subgroups
K of Gig, of index 8 such that |Npeg,,,, P KP|=2.

Let

f=(@+1)°+8@x+1)*+12

= 2%+ 827 + 2825 4+ 562° + 70x* + 562> + 3622 + 242 + 21

so that Gal(f) = G192,. To find an appropriate ordering of the roots, it is convenient
to use Stauduhar’s [St1] method. In the notation of [St1], Giga, = G4, and although
different generators are given, the permutation representation of G2, is in fact that

of Table 10: G199, =<e,n,v> where
e=(1,7)(2,8)(3,5)(4,6),

n=(3,5"7)(4,6,8), v=(3,4).
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Then, to fix a correct ordering of the roots ay,...,ag of f, we must ensure that
A(aqag, azay, asag, azag) (that is, the discriminant of the polynomial with roots

Q1Qa, ..., arag) is an integer. One such ordering is
ay ~ —2.35 + 0.68i, oy ~ 0.35 — 0.68i, s = ay, oy = a3,
as ~ —1.27 — 1.201, ag =~ —0.73 + 1.20t, oy = @5, ag = ag.
A suitable choice for K is (Zy x A4)" represented as <A, B,C' > where
A=(1,6,8)(2,5,7), B=1(3,8,6)(4,7,5),
C =(1,5)(2,6)(3,7)(4,8).
An element « such that stabss 4,(7) = (Zg x Ay)" is

Y = Q1030 + qrogag + qpgaig + Qiatigis +

Qo407 + Qo507 + Q38 + Qgl5007.

(We constructed v by looking at the orbit of {3,6,8} under the action of the group
(ZQ X ./44>+ )
The images of v under 2.4, are v, =% (i =1,...,8) where the o; are right

coset representatives (see page 14) of (Zo x A4)* in 2. Ay:
(3,4), (5,6), (7,8), (3,4)(7,8), (3,4)(5,6), (3,4)(5,6)(7,8), (5,6)(7,8).

(Note that if we take 2® + 822 + 12 as the polynomial f, then we find that all the
7; are zero. This is why we first make a Tschirnhaus transformation = — x + 1.)
Finally, we construct ¢ = [[5_,(x —~;) using high-precision approximations to the

roots of f. Taking

u(z) = t(8(x —1))/8% = 2® — 162° — 1022* + 642* — 48z + 9
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we have,

gal( = 24 ./44/ n P~ (2 X A4)P) = 23../44 = G;ﬁb'
Pe2t. Ay
The polynomial given in Table 6 is derived from u by the smallpolred command of

PARI.

In the case of Ggg., we note that Gy, has a normal subgroup N of order 2
such that G, /N = Gds.. So, again we look for a subgroup K of index 8 in Gy,
such that Npegy P7'KP = N. In Stauduhar’s [St1] notation, Ggy, = Gigy and

his representation is the same as that of Table 10: Gy, =<j,n,s> where
J = (1,6)(2,5)(3,7)(4,8),
n=(3,5,7)(4,6,8), s=(1,3)(2,4).
Let
f=2a®—102" + 872% — 5042° + 18902" — 45362* + 68042 — 5832z + 2187

with Gal(f) = Gig,. (f is a Tschirnhaus transformation of z® + 22 +1.) By
[St1], a correct labelling of the roots ay,...,ag of f, results in an integer value for

a1 + agay + asag + ayag. One such labelling is
ay ~ 0.30 + 6.260, as ~ 1.43 —0.357, az = ay, oy = a3,
s~ 1.60 + 1.144, ag ~ 1.67 — 1.96i, oy = @, ag = .
A suitable candidate for K is <A, B,C> where
A=(1,6,2,5)(3,7,4,8), B=(1,3,5)(2,4,6),
C=(1,7,2,8)(3,5,4,6).
Let

Y = Q1o + Qroyag + gy + Qietisir +

Qo g + a5y + (i3Qigrg + QL5 ey
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so that stabgy (7) = K. As before, we define ~; = 4% for a set {oy,...,08} of

coset representatives of K in Gy, and construct ¢ = [[}_,(z — ;). Then
u(z) = t(18(x +4))/18° = 2® 4 642° — 162° + 12802 — 5122° + 82562% — 2048z + 1728

has Galois group Ggg..
In fact, the polynomial of Table 6 is derived in a different way; it is a transfor-
mation (by smallpolred) of the degree 8 factor of the 4-diff resolvent of a polynomial

with Galois group Giggp.
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B Polynomials over Q(t)

In Table 8 we present polynomials over Q(t) with selected Galois groups. Ex-
cept where otherwise noted, these polynomials were all provided to us by Gene
Smith [Sm]. Note that we can always construct a polynomial over Q(¢) with group
G simply by homogenizing a rational polynomial with that group. None of the
polynomials in the table are of this form.

The table also reports CPU use by our MAPLE V implementation running on
a SPARC station 2. For those computations which took particularly long, the main
reason was the manipulation of a resolvent polynomial. We have included comments
indicating z-degree and percentage of time spent factoring or constructing such a
resolvent in these cases.

LaMacchia [LM] has given an example of a polynomial with group PSL(3,2)"

over Q(i1,t2)
(2 +1)(2® +2(1 —2t1)2® +2(4t; — 1) —4t1) (2 — (14 2t1)2® + 2t 2+ 2t3) + L2 (1 — ).

The program requires 6765.8 seconds of CPU to determine the Galois group. Most
of the time was spent on a 3, -set resolvent (z-degree = 35); construction of the

resolvent required 79% of the total and factoring took 20%.
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Group f(z) € Q(t)[] CPU Used
(seconds)

AF it + (t—3)r—1 0.2
Ss 3 —tx +t [M] 0.4
A7 x—4)+ 12+ 27 0.3
Y at +trd — 622 —tr + 1 7.9
D, ot — (=142 =3+ (14262 = 2t)2® — (=1 + 2 —t)r + 1 5.7
Sy ot —tr +t [M] 0.1
Z: 1 —10t° — 4t1° — 5t2? — 25¢222 + 1583z + 30t2x — 10t5x 289.0

+20tx + 2° — 1023 + 52% — 25112 — 10ta® — 25t32% — 10223
+28t° + 20t + 15t5 + 10t + 10z + 30t + 35t — 10¢323
+5t7 — 5t8 — 10t*23 — 15682 — 30t"z — 20t52 — 20t52% — 30t522

DY z(x —5)*(x +5)? —t(x — 1)*(x + 3) 8.3
AF 2° + (12 — 3125)(z — 4) 1.9
Zs5.7, 2% — 10tx® — 106222 — 10ta? — 5t?x — 5tx — Sto —t2 —t — 1 — 3 6.4
Ss o —tr +t [M] 0.3
T 28+t + (t —3)z* — 1 29.5
(S4/Vy)T 2% — 42% — 12 16.6
(32.Z4)* ot (z —6)? — 12 — 1024 23.1
Af 25(z — 6) — 1?4+ 3125 1.6

Table 8: Polynomials over Q(t) with selected Galois groups
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Group f(z) € Q(t)[x] CPU | Remarks

(sec.)
Dy 2%+ tzd + 1 12.0
S4/Z, (x(x —t) +t2)® —da(z —t) — 512 1327.3 | 84% factoring
0, = 24 resolvent
32.D, oz —1)2—t 13.3
PGL(2,5) 2(x —4) — tz + 1) 153.1
S 28—tz + ¢ [M] 2.0
PSL(3,2)" o(x =73 @+ 73 —t(xr—9)(z —1)3 64.6
At o7 — (t + 823543)(x — 6) 3.3
Z:.7¢ 27 — 21ta® — 35tz — 35t%2* — 356323 3404.4 | 97% factoring
—35t%223 — 35tz — 21322 — 211 2% — 21ta? 0, = 35 resolvent

—21t222% — TH3x — Ttz — Ttox — Tt'x
Tt —t*— 3 — 2 —t — > — 6

Y 2" —tr +t [M] 1.1
Gi32q z® —t 487.9
PGL(2,7) @ +x+7) +t(x+1) M] 16228.9 | 99% constructing
0, = 70 resolvent
(23.L(3,2))" 28 — 2427 + 21282° + 21842* — 6652823 8605.3 | 99% constructing
—286722% — 243648z + 104976 — 87808zt [M]] 0, = 70 resolvent
AL 8 — 827 + 576480142 + 823543 [M] 0.7
S 28—tz +t [M] 1.6

Table 8: (continued) Polynomials over Q(¢) with selected Galois groups
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C Distinguishing Gjgs from G4
We have mentioned in Section 4.3 that a resolvent derived from a polynomial be-
longing to (23.L(3,2))" has degree 30 (= |Ss : (23.L(3,2))T]). Aside from its low
degree, this resolvent is attractive because it provides a simple test which distin-
guishes between Gigs and Gir.
An example of a polynomial belonging to (23.L(3,2))" is
F = T1T5X6X8 + ToX3X4X7 + ToXgXrXg + T1X3L4T5 + T1T3T7Lg +
ToX4T5Te + T1T2X4XLg + T3T5LeL7 + T1XT4LeT7 + ToX3T5T8 +

T3T4TeTg + T1X2X507 + TyT5T7T8 + T1T2XT3T6.

Given a labelling a,...,ag of the roots of f, the root F(ay,...,ag) of Ry =

R(F, f) may be represented (using the subscripts) as

1568 4 1345 + 1378 + 1248 + 1467 + 1257 4 1236 +

2347 + 2678 + 2456 + 3567 + 2358 + 3468 + 4578.

However, on examining this notation, we see that for every 4-ad its complement in
{1,2,3,...,8} also occurs. So we can simplify our notation by writing only the 4-ads

in which ‘1’ occurs:
F(ay,...,ag) = 1568 4+ 1345 + 1378 + 1248 + 1467 + 1257 + 1236.

According to Table 10,

+
Gogg =< 8,2, m>

and

+
G576 —<Sa Z, m,y>

where

s=(1,3)(2,4), m=(1,5)(2,6)(3,7)(4,8),

67



2= (6,8,7), y=(1,8)(2,5)(3,6)(4,7).

Using this representation, we find that both groups partition the roots of Rsq into
4 orbits; 2 of length 12 and 2 of length 3. The two orbits of length 3 are O; =

{81, B2, B3} and Oa = {f4, B5, 36} where

B1 = 1367 4 1468 + 1256 + 1358 4 1457 + 1278 + 1234

B2 = 1234 4 1368 + 1267 + 1456 + 1478 + 1258 + 1357

By = 1378 4 1467 + 1257 + 1234 + 1458 + 1268 + 1356
By = 1378 4 1468 + 1457 + 1234 + 1267 + 1258 + 1356
Bs = 1257 4 1367 + 1358 + 1234 + 1268 + 1456 + 1478

B¢ = 1467 4 1256 + 1278 + 1234 + 1458 + 1368 4 1357

The action of Gigs on Oy yields the permutations (3, 3, 83) and (83, 32, 31) as
well as the identity. So Gggg acts as Az on O;. On the other hand, the action on
O, gives all possible permutations. Hence Gggs acts on O, as Ss.

Since Gigs C G, we see that G will likewise act as Sz on Oy. But the gener-
ator y of G7-4 induces the transposition (3, 3). Combined with the permutations
already found for G3gq, this proves that the action on O; is now Ss.

So Rsp can be used to distinguish between G and Gis. Under either of these
groups it has two irreducible factors g; and g, of degree 3. If Gal(f) = Gi7 then
both g; and g, have S as Galois group. But if Gal(f) = G3gs then one of g; and
go has Galois group Az and the other has Galois group Ss.

This may be contrasted with the algorithm we have presented in Section 2.2
which, in order to distinguish these groups, requires factorization of a degree 66
polynomial (the 2, -set resolvent derived from the degree 12 factor of the 2 -set

resolvent of the original polynomial f; see Table 2). As this resolvent has higher

68



degree than Rgg, it may take longer to factor. For example, let
f=a®4+ 72" +82° 4+ 9

(Gal(f) = Gigs). Factoring the degree 66 resolvent of f requires 1200 seconds of
CPU on a SPARC station 2. Factoring Rsy (constructed using complex approxima-
tions to the roots) takes only 4 seconds of CPU.

Since it is much faster to factor R3y than the degree 66 polynomial required by
our algorithm, it appears that we could improve the algorithm by using this new
resolvent. However, as noted in Section 4.3, it is not clear how to construct it;
construction by complex approximations to the roots is available only when £ = Q

and even then it is to be avoided.
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D Tables of Degree 8 Transitive Groups

The following tables, taken from [BM] and [MR], give information about the degree
8 transitive groups. Table 9 includes the group order, parity and which systems of
imprimitivity it admits to. If there is more than one system for a given block size, we
indicate how many such systems there are. This table also relates the “Tn’ notation
of [BM, MR] to the ‘G?_’ notation used here. In the final column of Table 9 we give
a description of the group structure. The descriptions of the imprimitive groups are

drawn from [HK]. The notation is as follows:

Z, The cyclic group of order n.

p* An elementary abelian group of order p* where p is prime.

V4 The Klein Vierergruppe.

D,, The dihedral group of degree n and order 2n.

()s The quaternions.

<Il,m|n> The group <z,y|z! = y™, (ry)" = e> where e is the identity.
(I, m|n, k) The group <z,ylr! = y™ = (xy)" = (x7y)F =e>.

A x B The direct product of the groups A and B.

A.B denotes a group with a normal subgroup isomorphic to A such that A.B/A

is isomorphic to B.

Ao B The central product of groups A and B. Let A and B have common center
isomorphic to C'. Then we have injections o : C — A, f: C — B. The
group A o B is the quotient of A x B by the set of ordered pairs of the form

(a(c),B(c), ce C.
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AAB The diagonal product of A and B. Let D be the largest common homo-
morphic image of the groups A and B. Then we have surjections v: A — D,
6: B — D. The group AAB is the subgroup of A x B consisting of the (a,b)
for which v(a) = 6(b).

Al B The wreath product of the groups A and B. The group B is a permutation

group on n letters. The wreath product is the semidirect product A™.B where

A"=Ax...x A
—_———

and B acts by permuting factors.

Hol(A) The holomorph of the group A. Let Aut(A) be the group of automor-
phisms. We construct Hol(A) on the Cartesian product A x Hol(A) with the

operation

(a1, 61)(az, 6) = (@10’ , $15).

Syl,(A) The Sylow p-subgroup of the group A.

A superscript of ‘4+’ indicates that the group consists of even permutations.

Table 10 exhibits generators for each group. The shapes belonging to each group
are shown in Table 11. Since every transitive degree 8 group has the shapes 1% and
24 we do not include these in the table. However, these are the only shapes in
T3. Finally, Table 12 lists the orbit-length partition of sets and sequences under the

action of the groups.
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Group | Order | Even | Imprimitive Name Description
2| [47]
T1 8 v Zs Zs
T2 8 + | 3 Vo | (Zy X Zy)" | (Za x Zy)*
T3 8 + 7TV (2°)* (2%)*
T4 8 + 5 Vv Dy Df
T5 8 + V|V g Qs
T6 16 v/ Vv G'16a Dy
T7 16 Vv V Giep <2,22>
TS 16 NV G16e <—2,42>
T9 16 + | 3 Vi Goa (Zy x Dy)*
T10 16 + 3 Vv Gls (4,4]2,2)"
T11 16 + v V Gs. <a?,y? 22 vyr = yzo = zay>"T
T12 24 + |V SL(2,3)" | SL(2,3)*
T13 24 + Vi Voo | (Zo x AT | (Zg x Ag)T
T14 24 + | V|V S Si
T15 32 vV vV G324 Zs.V,
Ti6 | 32 vV oV Gz <a®, (zy)?, o'yt P~ P >
T17 32 Vv Vv G'3ac YARY A

Table 9: Transitive groups of degree 8
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Group | Order | Even | Imprimitive Name Description
24| [4%]
T18 32 + | 3 v G (ValZy)*
T19 | 32 + V| Vv G <zt y?, (vy)!, Byryartyaty >+
T20 | 32 + vV G <zt y?, (zy)?t, BPywyatyaty >+
T21 32 v |V G4 <at 2, (zy)?t, Pyayaiyay >
T22 | 32 + V|V Glha | (QsoQs)"
T23 48 V Gis GL(2,3)
T24 48 + V|V Zy x St | (Zy x Sy)*
T25 | 56 + (2°.Z7)% | (2°.Z7)F
T26 | 64 VAW, Gota | Hol(Zy x Zy)
T27 | 64 v |V Gow | <a® 9, (xy)?, (2%y)*, (2%°)7 >
T28 64 Vv V Gleae <28y, (zy)?, (23y)?, (2%?)? >
T29 | 64 + | V| V G, Syly(Zy 0 Ag)*
T30 | 64 NV, Goaa | <2,y (2y)? (2y?)*, (2y)* >
T31 | 64 v | Vv Gse Syla(Za x Ay)
T32 | 96 + | Vv Gisa ((Qs 0 Qs).Z3)"
T33 | 96 | + Vv Goor | (ValZy).Zg)*
T34 96 - V4 Gse (A1DAL).Zy) "

Table 9: (continued) Transitive groups of degree 8
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Group | Order | Even | Imprimitive Name Description
2] | [47]
T35 | 128 v Vv Glag Syla(Ss)
T36 | 168 | + (23.(Z7.Z3))" | (28.(Z7.23))F
T37 | 168 | + L7t | LT
T38 192 Vv G1924 70 Ay
T39 192 + vV Glo0a (23.8))F
T40 | 192 v G192 Hol(Qs)
T41 192 + V4 Gloa (84AS8)).Zy)
T42 | 288 + vV Giss (A1 Zy)*
T43 | 336 PGL(2,7) | PGL(2,7)
T44 | 384 v Glass 7218,
T45 | 576 | + v G ((Sy x Sy)+.Zo)*
T46 576 V Gise <28yt (zy?)?, (P94, (yiayz)® >
T47 | 1152 v Ghisa Si1Zy
T48 | 1344 | + (23.1(3,2))" | (23.L(3,2))"
T49 | 20160 | + Ad Ad
T50 | 40320 Ss Ss

Table 9: (continued) Transitive groups of degree 8
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TT =
T2 =
T3 =
T4 =
TS =
T6 =
7T =
T8 =
T9 =
T10 =
T11 =

1,4,6,8,2,3,5,7) 1

( M 7 n
7)(3,6)(4,5) o
8)(3,5)(4,6) p
8)(3,6)(45) «q
3,5,4,6) r
2,5)(3,4) t
2,5)(3,7)(4,8)
2,5 v
<a> T18
<b,c> T19

<b?,e,c> T20
<b,d> T21
<a?,g> T22
<a, f> T23
<a,h> T24
<a,1> T25
<b,e,c> T26
<b,j> T27
<a® b?, 1> T28

2)(7,8)

<b,e,j>
<b, f>
<b,p>
<q,e>
<a?, b, j,e>
<n,w>
<c,mn, s>
<A, D>
<a, f,b*>>
<a,t>

<a,u>

T35
T36
T37
T38
T39
T40
T41
T42
T43
T44
T45

Table 10: Group generators
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H o Jd Q © =

3)(2,4)(7.8)
2,4,3)(6,8,7)

8)(2,5)(3,6)(4,7)

(1,

(

(1,

(6,8,7)
(1,2,3,4,5,6,7)
(2,4,3,7,5,6)
(2,3)(4,7)
(1,8)(2,4)(3,7)
(1,8)(2,7)(3.4)
(1,7,3,5)(2,8,4,6)

(5,
(5,

<a, f, t>
<A, D,B*>>
<A,B* E>
<v,e,n>
<j,n,s>
<j,n,shv>
<F,x,y>
<S,z,m>
<A,B,E>
<t,b,s>

<S8, z,m,y>

6)
6)



T12 = <g,n> T29 <b,e, f> T46 = <s,z,0>
T13 = <hj,n> T30 <b,p,iku> T47 = <wvsxz ' t,m>
T4 = <n,o> T31 <q,e,t> T48 = <A C,D>
T15 = <a,f,h> T32 <e,j,n> T49 = <A z>
T16 = <a,b®>> T33 <F x> T50 = <A, zt>
Ti7 = <a,e> T34 <vsv, x,y>
Table 10: (continued) Group generators
Groups Shapes Groups Shapes
T1 42,8 T23 12231232 42, 26, 8
T2, T4T5 | 42 T24,T32,T33 | 1422, 1232, 42, 26
T3 (18, 24) T25 17
T6,TS 1223 428 T26 14921293, 144, 224, 42, 8
T7,T16 1422 4% '8 T27 162, 1422 1223, 224, 42 8
T9,T10,T11 | 1%22, 42 T28 14221224, 224, 42 8
T18,T20,T22 T30 1422, 1223 144, 224, 42
T12 1232, 42, 26 T31 162, 1422, 1223 924 42
T13 1232 26 T34 14921232, 42
T14 1232, 42 T35 162, 1422, 1223, 144,
T15 1422, 1223 428 1224, 224 42 8
T17 1422, 144, 224, 42, 8 T36 1232, 26, 17
T19,T29 | 1422, 1224, 42 T37 1232, 4217
T21 1422, 924, 42 T39,T41 | 1422, 1232, 1224, 42, 26

Table 11: Shapes occurring in each group
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Group

Shapes

T38 | 162, 1422, 1223, 1232, 232, 224, 42, 126, 26

T40 | 1422, 1223, 1232, 144, 224, 42, 26, 8

T42 | 1422, 173, 1223, 1232, 42, 26

T43 | 1223, 1232, 42, 126, 17, 8

T44 | 162, 1422, 1223, 1232, 232, 144, 1224, 224, 42, 126, 26, 8
T45 | 1422, 1%3, 1223, 1232, 1224, 42, 26

T46 | 1422, 173, 1223, 1232, 1224, 224, 42, 8

T47 | 162, 1422, 1223, 153, 1323, 1223, 1232, 144, 1224, 224, 134, 42, 26, 8
T48 | 1422, 1232, 1224, 42, 26, 17

T49 | 1422, 153, 1223, 1232, 1224, 42, 135, 35, 26, 17

T50 | 162, 1422, 1223, 153, 1323, 1223, 1232, 232, 144, 1224,

224, 134, 42, 135, 125, 35, 126, 26, 17, 8

Table 12: Orbit-length partitions of sets and sequences under G

Table 11: (continued) Shapes occurring in each group

G 2-sets | 3-sets | 4-sets 4-diff 2-seq
G C Ag

T2 4382 | &7 234287 13224382 | &7
T3 47 87 2787 1747 87
T4 458 87 234486 1324448 | &7
T5 | 4,8 |§& 2388 134283 | 87
T9 | 4382 | 8%16% | 234283162 | 13224382 | 83162
T10 |4%16 | 8%162 | 2,4%8%162 | 1,2%4316 | 83162
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G 2-sets | 3-sets 4-sets 4-diff 2-seq
G C Az

T11 4,83 83162 2381162 134283 83162
T12 4,24 8, 242 6, 82242 3,424 8, 242
T13 | 4,122 | 8,242 2,6%8, 242 1,3%4,12% | 8,242
T14 | 4,122 | 8,242 2,6%8,12224 | 1,3%4,6%12 | 8,242
T18 | 4316 8,163 2,438332 1,234%16 8332
T19 | 4,8,16 | 8,16,32 | 2,4,8%16,32 | 1,2,4%8,16 | 8,16,32
T20 | 4,8,16 | 8332 2,4,8%163 1,2,4%8,16 | 8,163
T22 |4,8 8332 2382163 134283 8,163
T24 | 4,122 | 8,242 2,628, 242 1,324,122 | 8,242
T25 28 56 14, 56 7,28 56
T29 |4,8,16 | 8,16,32 | 2,4,8%16,32 | 1,2,48,16 | 8,16, 32
T32 4,24 24,32 6, 8248 3,4%24 8,48
T33 12,16 | 8,48 2,12,24,32 | 1,6,12,16 | 24,32
T34 12,16 | 8,48 2,12332 1,6%16 24,32
T36 28 56 14,56 7,28 56
T37 | 28 56 14242 7221 56
T39 |4,24 24,32 6, 8248 3,424 8,48
T41 12,16 | 8,48 2,12,24,32 | 1,6,12,16 | 24,32
T42 12,16 | 8,48 2,32,36 1,16, 18 24,32
T45 12,16 | 8,48 2,32,36 1,16, 18 24,32
T48 28 56 14,56 7,28 56
T49 28 56 70 35 56

Table 12: (continued) Orbit-length partitions of sets and sequences under G
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G 2-sets | 3-sets 4-sets 4-diff 2-seq
G € As

T1 4,83 87 2,4,88 1,2,428% | 87

T6 4,83 83162 2,4,84162 1,2,4%8% | 8,163
T7 4,8,16 | 83162 2,4,8%163 1,2,8%16 | 83162
T8 4,8,16 | 83162 2,4,8%16° 1,2,8%16 | 8,163
T15 | 4,8,16 | 8,163 2,4,8%16,32 | 1,2,8%16 | 8,16, 32
T16 | 4,8,16 | 8232 2,4,164 1,2,8%16 | 8,163
T17 | 4,8,16 | 8,16,32 | 2,4,16%32 1,2,8%16 | 8332
T21 |4,8 8332 2316* 1384 8,163
T23 | 4,24 8,242 6,16, 242 3,8,24 8,48
T26 | 4,8,16 | 8,16,32 | 2,4,16%32 1,2,8%16 | 8,16, 32
T27 | 4,8,16 | 8332 2,4,164 1,2,8%16 | 8,163
T28 | 4,8,16 | 8,16,32 | 2,4,16%32 1,2,8%16 | 8,16, 32
T30 |4,8,16 | 8,16,32 | 2,4,16%32 1,2,8%16 | 8,16, 32
T31 4,83 8332 23164 1384 8,16°
T35 |4,8,16 | 8,16,32 | 2,4,1632 1,2,8%16 | 8,16, 32
T38 | 4,24 24,32 6,16,48 3,8,24 8,48
T40 | 4,24 24,32 6,16,48 3,8,24 8,48
T43 | 28 56 28,42 14,21 56
T44 | 4,24 24,32 6,16,48 3,8,24 8,48
T46 12,16 | 8,48 2,32, 36 1,16,18 | 24,32
T47 12,16 | 8,48 2,32, 36 1,16,18 | 24,32
Th0 | 28 56 70 35 56

Table 12: (continued) Orbit-length partitions of sets and sequences under G
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